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The effect of a permeable bed on incipient sediment motion is 
investigated by considering the pertinent forces acting on bed particles, 
A general incipient-motion criterion is formulated in terms of forces 
tan <D = I 
E 
in which $ is the angle of repose of the bed material, ) ¥u is the 
sum of the forces acting parallel to the bed, and > Fx is the sum of 
the forces acting perpendicular to the bed„ The forces finally consid-
ered in the analysis are the fluid-resistance force, F, which has com-
ponents of drag and lift, the seepage force, F , which is caused by 
flow through the bed, and the effective weight force, W, of the bed 
particles0 The magnitudes of the fluid-resistance force and the seepage 
force are determined from analyses of results of experiments for which 
only one of these two forces is present.. 
The magnitude of the fluid-resistance force is determined by 
analyzing results of the writer and others for the case for which the 
seepage force is absent. For bed particles immersed in a laminar bound-
ary layer incipient motion is found to occur if 
7 "TS-T X > 0.19 
[y -y) d tan <D 
o 
in which T is the critical boundary shear stress (viscous shear), y 
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is the specific weight of the bed material, y is "the specific weight of 
the fluid, and d is the mean diameter of the bed particle,, For bed 
particles immersed in a turbulent boundary layer, the incipient-motion 
criteria developed are believed to depend measurably on the intensity of 
the turbulent fluctuations in the vicinity of the bedo An incipient -
motion criterion in terms of a velocity in the vicinity of the bed is 
developed,, The bed velocity is defined as 
u, = [u] „ oc. , d L Jy=0o35d 
in which u, is the fluid velocity outside the laminar sublayer. The 
theoretical wall (y = 0) is found to be located essentially 0„2 d below 
the plane tangent to the top of the uppermost bed particles,, For values 
of the shear-velocity Reynolds number, R > 18, the incipient-motion 
parameter 
Udc 
y( T s/ T_l) g d tan <D 
in which u, is the critical bed velocity, and g is the acceleration 
of gravity, is shown to be essentially a constant, which depends upon the 
level of turbulence intensity. This parameter has the value 1„1 for 
flows having high turbulence intensities and 1.9 for flows having low 
turbulence intensities,, For oscillatory flow incipient motion occurs if 
U 
*£ — > 3.2 
ytYs/y-1) 9d t a n ® 
in which U is the critical maximum fluid velocity outside the boundary 
mc 7 7 
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layer. Shields' parameter, T /(y -y)d, is shown to vary widely for tur-
^ 5 
bulent boundary layers. 
The magnitude of the seepage force, F , is determined from 
tests for which the fluid-resistance force is absento In order to ascer-
tain the magnitude of F at the bed experiments were conducted for the 
effect of seepage on the stability of slopes. For the writer' s tests, 
the seepage velocity was perpendicular and directed either out of or 
into the bed. The seepage force was determined by analyzing the experi-
mental results in light of the above general incipient-motion criterion 
The seepage force, F , on the uppermost layer of bed particles is found 
to be a constant times the seepage force on the bed particles several 
layers beneath the top layer. This constant is called a flow coefficient, 
C, and is thought to depend only on the shape and packing of the bed par-
ticles. For flow perpendicular to the bed the flow coefficient is inde-
pendent of the direction of the seepage flow provided that Darcy' s Lav/ is 
satisfied. The value of C is 0.7 for uniform, nearly spherical, glass 
beads and between 0.9 and 0.95 for uniform, well-rounded, sand. The 
experimental results come from tests of others as well as the writer0 
For seepage flow parallel with the bed, C = 0.97. In determining the 
seepage force at the bed for any given seepage flow perpendicular to or 
parallel with the bed the piezometric-head variation within the bed is 
required. 
An experiment was conducted for which both the fluid-resistance 
force, F, and the seepage force, F , were present. Water was pumped 
up through a bed (glass beads) over which water was made to oscillate 
simple harmonically. It was found that the seepage force caused by the 
XX 
flow out of the bed did not aid incipient motion.. The bed particles were 
observed only to rock back and forth. It is concluded that once a bed 
particle rocks out of its recess it momentarily loses its seepage force 
and hence incipient motion is not enhanced, 
A survey of the literature on boundary-layer control shows that 
seepage out of or into a bed can have a considerable effect on the flow 
characteristics above the bed. Seepage out of a bed may enhance boundary-
layer transition whereas seepage into a bed may delay transition. Except 
for the cases for which transition is enhanced or delayed, seepage causes 
the boundary shear stress to decrease for flow out of a bed and to increase 
for flow into the bed. Except for the case for which boundary-layer transi-
tion is enhanced, seepage flow out of a bed can only hinder incipient 
motion inasmuch as the boundary shear stress is reduced and, as con-
cluded above, the seepage force can not aid incipient motion for flow out 
of a bed. Seepage flow into a bed can either hinder or aid incipient 
motion, depending upon the relative magnitude of the seepage force and 
the fluid-resistance force (boundary shear). In considering the effect 
of seepage on incipient motion the altering of the flow characteristics 
above the bed by seepage most certainly has to be considered. 
The results obtained from the analyses of the magnitude of the 
fluid-resistance force and the magnitude of the seepage force and from 
the literature survey concerning the altering of the flow character-
istics by seepage, are all considered in an approximate analysis in 
order to obtain order-of-magnitude effects of seepage on incipient motion0 
Two practical cases for which the fluid-resistance force and the seepage 
force are present are then investigated to show what effect seepage has 
XXI 
on incipient motion., 
The first physical situation considered is that of seepage in and 
out of an ocean bed under water waves,. The piezometric-head variation 
within the bed is determined analytically for simple-harmonic and 
cnoidal waves by solving Laplace' s equation for laminar flow through 
porous media. Some calculations are made to determine order-of-magni-
tude effects of seepage on incipient motion.. For small bed particles, 
the effect of seepage on incipient motion is essentially negligible., 
For fairly large bed particles the seepage flow out of the bed under a 
wave trough can reduce the boundary shear stress more than 20 per cent. 
This reduction delays incipient motion. For large bed particles under 
the wave crest the seepage flow into the bed may or may not hinder 
incipient motion. The overall effect of seepage on incipient motion of 
bed particles under water waves is probably minor as both the motivating 
force (boundary shear) and the resisting force (seepage force) depend on 
the same parameter, the wave amplitude, H. 
The second physical case considered is that of seepage into a 
canal bed. The piezometric-head gradient at the bed is given for a 
trapezoidal and for an infinitely wide canal. For the condition for 
which the ground-water table is significantly below the free surface in 
a canal the seepage force plays a predominant role in inhibiting incip-
ient motion for small bed particles (d < 0.2 mm). For bed particles larger 
than 0.2 mm the effect of seepage on incipient motion becomes less and 
less. For very large bed particles the seepage flow into the canal bed 





Description of the Problem 
The seepage of water through soil is a problem frequently encountered 
by engineers. In many such problems it is necessary to investigate the 
interaction and behavior of the water and soil wherever the water enters 
or leaves the soil bed. For example, soils engineers might be concerned 
with the problem of soil rupture due to water flowing out of the bed on 
the downstream side of a sheet piling. Soils engineers might also be faced 
with the problem of the effect of seepage on the stability of banks. 
Oceanographers may desire to know the contribution to water wave damping 
by seepage of water in and out of a sandy sea bed. In all seepage prob-
lems the seepage flow through the porous medium creates hydrodynamic forces 
on the particulate matter comprising the medium. The central topic of this 
study is the seepage force acting on the bed particles comprising the 
uppermost layer of the bed. The uppermost bed particles experience an 
upward seepage force wherever the fluid flows out of the bed and, con-
versely, a downward seepage force wherever the fluid flows into the bed. 
The effect of the seepage force on the initial motion of the uppermost 
bed particles is considered in this study. The problem to be studied, 
then, is the role of a permeable bed in incipient motion of bed particles. 
The instability of the bed as a mass is not considered in this study. 
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Review of the Literature 
The role of the seepage force in promoting or hindering sediment 
movement has been mentioned by some researchers, but to the writer' s knowl-
edge neither analytical nor experimental studies have been performed in 
which the seepage force was considered as one of the forces influencing 
incipient motion- Eagleson and Dean (l) comment that a permeable bed may 
influence incipient motion of bed particles under water waves. Water flows 
out of the bed under a wave trough and into the bed under a wave crest. 
Simons (2) observed that extensive erosion occurred in an otherwise stable 
irrigation canal during a wind storm which generated waves up to two feet 
in height. He believed that the stability of the canal might have been 
destroyed by wave-induced flow out of the bed. Posey (3) states that 
upward flow in the porous bed downstream from a bridge pier enhances sed-
iment movement. Lane (4) mentions that, for seepage flow out of a canal 
bed containing a wide range of grain sizes, the fine material is trans-
ported into the spaces between the larger material and deposited there, 
forming a more resistant bed because of a concreting action. 
Purpose and Scope of the Investigation 
The objective of this investigation is to determine quantitatively 
the effect a permeable bed has on incipient sediment motion. This objec-
tive is attained by analyzing the seepage force as well as the other forces 
which act on bed particles* Criteria for incipient motion are formulated 
from experimental results. These criteria are applied to two practical 
cases for which a permeable bed exists; namely (l) incipient motion of bed 
particles under water waves, and (2) incipient motion of bed particles in 
an unlined canal. 
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CHAPTER II 
FORCES ON BED PARTICLES 
Incipient motion of bed particles is obviously the consequence of 
forces acting upon the particles. The hydrodynamic forces acting upon a 
single particle on the bed at a given instant are dependent upon the fluid 
motion in the vicinity of the particle. The complexity of formulating a 
meaningful force analysis is apparent when one considers that a particle 
on the bed may be submerged in either a laminar or turbulent boundary layer 
and that bed particles are neither uniform in size nor shape. Neverthe-
less, force analyses which are perforce simplified are invaluable in 
devising organized experimental programs. 
The forces which may act on any single stationary particle on the 
bed are shown in Figure 1, in which a is the angle that the bed makes 
with the horizontal. These forces are constituted as follows: 
(a) Effective weight force, W, is the weight of the particle 
minus the buoyant force 
W = g(M - M) (1) 
in which g is the acceleration of gravity, M is the mass of the bed 
particle and M is the mass of the displaced fluid. 
(b) Particle-to-particle reaction forces, R, and R , are the 
forces of adjacent bed particles on the particle in question. These forces 
constitute the normal and tangential forces at points of contact of adja-
cent bed particles. 
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Figure 1. Sketch of Forces Acting upon a Bed Particle. 
(c) Pressure force, Fp, is the pressure force on the particle 
resulting from the pressure gradient in an accelerating fluid 
Fp = M du/dt (2) 
in which u is the fluid velocity above the bed. 
(d) The added-mass pressure force, F , is the pressure force 
on the particle resulting from the additional fluid acceleration required 
to move the fluid past the particle 
F... = K... M du/dt 
AM AM ' (3 
in which K is the added-mass coefficient. The value of K varies 
with the flow pattern around the particle, being one-half for irrotational 
flow past a spherical particle in a fluid of infinite expanse. 
(e) The fluid-resistance force, F, due solely to the velocity, 
u, parallel to the bed, is usually resolved into a lift force, F , 
5 
normal to the bed and a drag force, F , parallel to the bed 
\ • c^>uJf 
and 
Fn = C n A P ' D D r 2 
in which CL is the coefficient of lift, Cn is the coefficient of 
drag, A is the projected area of the particle in a plane normal to the 
direction of the flow, and p is the mass density of the fluid. 
(e) The seepage force, F , is caused by flow out of or into 
the bed. It is associated with the pressure gradient across a bed 
particle. The magnitude of the seepage force will be investigated in 
Chapter IV. 
The seepage force is the main topic of this study. In the follow-
ing, a general criterion for incipient motion will be formulated. 
Incipient-Motion Criterion 
The stability of a mass of bed particles submerged in a quiescent 
fluid is used as the basis for the criterion for incipient motion. The 
resistance of bed particles to motion can be readily determined by obser-
vation of the angle the bed makes with the horizontal at the threshold 
of instability. This angle is usually called the angle of repose, 0>, 
and can be measured several ways; for example, either by pouring a pile 
of bed material and measuring the final slope or by tilting a plane bed 
until failure occurs and measuring the angle of the bed at failure. It 
is well known that the angle of repose is not a physical constant of the 
6 
bed material; it depends upon the density of packing within the bed, the 
stress level within the bed, geometrical conditions and the method of 
formation of a slope. Nevertheless, for a given bed at the threshold of 
instability the force of gravity down the face of the bed is just counter-
balanced by the resisting particle-to-particle reactions of adjacent par-
ticles. By definition the angle of repose 
t a n <X> 
g(M - M) s i n 0 
g(NL - M) c o s <£ 
in which g(M - M) sin $ is the component of the gravity force parallel 
to the bed and g(M. - M) cos 9 is the component of the gravity force 
perpendicular to the bed. For incipient motion for which the fluid is 
in motion, causing other forces to exist, the angle of repose may be 
expressed 
tan £> = 
in which ) F|( is the summation of all the external forces (excluding 
reaction forces) acting parallel to the bed and ) Fx is the summation 
of all the external forces acting perpendicular to the bed. At incipient 
motion the angle 0 is the angle between the plane normal to the bed and 
the plane describing the line of action of the reaction force, R (Figure 
1). The other reaction force depicted in Figure 1, R,, approaches zero 
by virtue of the definition of incipient motion. 
If the magnitude and direction of the various forces which act on 
bed particles are known, incipient motion can be easily predicted. Unfor-
tunately the magnitude and direction of fluid-induced forces are quite 
7 
difficult to determine. In Chapter III the fluid-resistance force, F, 
will be considered; in Chapter IV the seepage force, F , will be con-
sidered. The forces resulting from unsteady nature of flows, namely F 
and FD, are not considered to be significant in this study. 
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CHAPTER III 
INCIPIENT MOTION WITHOUT 
A PERMEABLE BED EFFECT 
The magnitude of the fluid-resistance force, F, will now be 
investigated by analyzing incipient-motion results for which the seepage 
force, F , is absent. The two main forces which are present in this 
analysis are the effective weight force, W, and the fluid-resistance 
force, F. For the results to be analyzed here, the boundary layer 
in which the bed particles are immersed is either laminar or turbulent. 
Both unidirectional 
motion criterion bas 
as well as Shields' i 
force. All analyses 
uniform sand grains 
For flow up a 
horizontal the incip 
Inasmuch as the bed 
the flow may be eith 
components, Fn and 
ascertained. The fl 
and oscillatory flows are considered. An incipient-
ed on a critical bottom velocity is introduced 
ncipient-motion criterion based on a critical tractive 
are conducted for test results for which cohesionless, 
(or artificial beads) comprise a homogeneous bed. 
Incipient-Motion Criteria 
plane bed which is lying at an angle a with the 
ient-motion criterion, Equation (6) can be expressed 
Fn - W sin a 
tan 0 = — 
W cos a - F 
particles are immersed in a nonuniform flow field and 
er laminar or turbulent the magnitudes of the two 
FT, of the total resistance force are not easily 
uid-resistance force on any bed particle is comprissd 
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of both viscous resistance and form resistance. The former is caused by 
fluid deformation and the latter is caused by a pressure variation over 
the surface of the particles. For bed particles immersed in a laminar 
boundary layer or laminar sublayer the viscous resistance force predomi-
nates. For bed particles projecting through the laminar sublayer the force 
due to form resistance predominates. 
Laminar Boundary Layer 
For a laminar boundary layer the lift force, F , which depends 
on the pressure variation over the surface of the bed particle, can be 
expected to be negligible. The drag force, F , depends mainly on the 
boundary shear force. With the lift force being neglected Equation (6) 
becomes 
T A - g(M s - M) sin a 
t a n $ = 77. T7\ 
g(M - M) cos a 
in which x is the critical boundary shear stress and A is the pro-
jected area of the particle in a plane parallel to the direction of flow. 
Since the projected area A is proportional to the diameter, d, of the 
bed particles squared and M and Ms are proportional to the diameter of 
the particles cubed 
T °( (y - Y)(tan $ cos a + sin a) 
in which Y 1 S the specific weight of the bed material and y is the 
specific weight of the fluid. The above relationship may be expressed 
x 
= cons tant (8) (Y - Y) d ( t an <X> cos a + s in a 
10 
The magnitude of the constant has to be determined experimentally. 
Turbulent Boundary Layer 
For bed particles immersed in a turbulent boundary layer the fluid-
resistance force is due mainly to the pressure variation over the surface 
of the bed particles. The lift force can no longer be considered negligi-
ble, The condition for incipient motion, Equation (7),is, upon using 
Equations (l), (4), and (5) 
tan $ 
CnA ^ - - g(M - M) sin a D 2 r s 
g(M - M) cos a - C A 2y-
in which u in this case is a velocity in the vicinity of the bed, and A 
is the projected area of the bed particle in a plane normal to the direc-
2 
tion of the flow. Since A is proportional to d and M and M are 
3 
proportional to pd the above expression can be reduced to 
,C_ + C tan <X>) £-— °< (y " Y ) d ( t an $ cos a + s in a) 
The fluid-resistance coefficients, CL and C, , depend upon the flow 
pattern around the particle and upon a Reynolds number. The combination 
of these two are fairly well represented by a function depending on R'', 
the shear velocity Reynolds number 
R" = 
u d __ u d 
|i V 
in which the shear velocity u = y/r/p , in which T is the boundary 
shear stress. The above proportionality can be approximated by 
11 
:- = f(R») (9 
^/(s-1) gd [tan <X> cos a + sin a] 
in which u is the velocity above the top layer of bed particles, 
s = T A** ancJ R is based on the critical boundary shear stress, T « 
S O C 
Inasmuch as the velocity in the vicinity of the particles is related to 
the shear velocity, u , the above relationships can also be expressed 
as 
Tc , *v 
T Y - y)d [tan $ cos a + sin a] c 
If the bed is horizontal (a = 0) and if tan 0 is disregarded, Equation 
(10) is recognized as the parameter introduced by Shields (5). Shields' 
parameter is 
Tc * 
(11) 7 ^ =
 f" (R ) 
(r - y)d c 
in which T is the critical tractive force per unit area on the bed. c r 
The critical tractive force is transmitted to the individual bed particles 
by means of pressure variation and viscous shear variation over the surface 
of the particles. For a turbulent boundary layer the pressure variation 
constitutes most of the tractive force. 
The two criteria for incipient motion, Equations (9) and (10), 
should be of equal suitability in predicting conditions for initial motion, 
Only in application (design of a stable bed) would one criterion be pre-
ferred to the other. For example in the design of a stable canal bed in 
uniform flow Equation (10) would be preferred since the tractive force on 
the bed can be determined from mechanics; whereas, for the design against 
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localized scour, which usually occurs in a nonuniform flow zone, Equation 
(9) would be preferred. 
In the following, incipient-motion results obtained by various 
investigators are analyzed for laminar and for turbulent boundary layers, 
The analyses are performed such that the LHS of Equations (8), (9), (10), 
and (ll) can be evaluated. 
Incipient-Motion Results for a Laminar Boundary Layer 
For fluid motion in a known laminar boundary layer the boundary shear 
stress can be determined from 
Lay' J (12; 
y1=0 
in which u is the fluid velocity at a distance y' from the boundary. 
Experimental results for incipient motion are available for three differ-
ent laminar flows for which the velocity distribution, u, is known from 
solutions to the Navier-Stokes equations. 
Laminar Flow in an Open Channel 
White (6) investigated incipient motion of sand grains immersed in 
laminar flow in an open channel. The channel had a slope of 1 in 28. For 
such a mild slope only a slight error is introduced by assuming a = 0. 
The velocity distribution in terms of y, the vertical coordinate, is 
3VL y 2 vy 7o 7o 
in which V is the average velocity in the channel and y is the depth 
of the liquid in the channel. The LHS of Equation (8) becomes 
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3^v/(y - y)dy tan <X>. Because of the difficulty in measuring the small 
s ° 
depth of flow, y , White found i by measuring the flow rate and using 
t = yy S, in which S is the slope of the free surface. White's results 
are tabulated below. The angle of repose for the Aylesford sand appears 
to be abnormally large. 
Angle of Value of * 
Material d(mm) Repose ($) LHS of Equation (8) 
Aylesford Sand 0.21 54° 0.194 0.04 
Leighton Buzzard 
Sand 0.90 46° 0.162 0.30 
Laminar Boundary Layer in a Converging Flow 
White also conducted incipient-motion tests for a converging 
laminar boundary layer by designing a constant-drag nozzle. The design 
of the nozzle cross section was based on the laminar boundary-layer equa-
tions. By measuring the pressure variation on the boundary of the nozzle 
he was able to solve for the boundary shear stress. White's results are 
Angle of Value of R » 
Material d(mm) Repose ($) LHS of Equation (8) c 
Sand 0.122 45° 0.204 2.1 
White's results for bed particles completely immersed in 
a laminar boundary layer do not substantiate Shields' proposition that 
the critical boundary shear varies inversely with the shear velocity 
Reynolds number. The LHS of Equation (8) appears to be a constant for 
R *< 2.1. c 
Shields (5) concluded that, for R* Z 1.8, t /(Ys-Y)d
 = °«l/Rc-
He did not confirm this conclusion by experiment. 
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Laminar Boundary Layer in Oscillatory Flow 
Incipient-motion results for bed particles in a laminar boundary 
layer which is undergoing simple-harmonic motion have been collected by 
Manohar (7) and by the writer. Manohar obtained incipient-motion results 
for sand and artificial materials by oscillating a bed under an otherwise 
quiescent tank of water. The writer investigated incipient motion of 
sand and of artificial material which rested in the test section of a 
large U-tube. The velocity distributions relative to the bed for the two 
cases of simple-harmonic motion are identical and hence the boundary 
shear stresses will be equal. In the case of the U-tube the velocity 
distribution for fluid oscillating simple harmonically above a plane 
boundary can be resolved from a solution presented by Schlichting (8) 
u = a u [sin ut - exp (- ^u/2v y) sin (ut -r\Ju/2v y)] (13) 
in which a is the amplitude of oscillation, and u is the angular 
velocity of oscillation. Upon using Equation (12) the maximum value of 
the LHS of Equation (8) becomes a"^ ~\Jp CJ ' / (y - y)0^ tan ®* From 
experimental data corresponding to the condition of incipient motion the 
LHS of Equation (8) can be evaluated. The forces due to the unsteady natu 
of the flow, F and F , are neglected. 
The U-tube described in the Appendix was the facility used by 
the writer to study incipient motion. The flow within the test section 
of the U-tube is simple harmonic. The velocity within the test secticn, 
outside the boundary layer, is 
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in which 2a is the total amplitude of displacement of the water, and T 
is the resonant period of oscillation of the U-tube. The total amplitude, 
2a, can be varied from 0 to 40 in, whereas T varies from 3.59 to 3.73 
sec. For laminar flow the velocity distribution within the boundary layer 
is given by Equation (13). The test section is 1 ft (vertical) by 4 ft 
(horizontal) in cross section and 10 ft long. The central portion of the 
test-section floor is depressed in order to form a container for the sedi-
ment. The depressed area for the sediment is 6 ft long by 4 ft wide by 4 
in deep. Artificial glass beads and natural Ottawa sand were used as the 
bed materials. The glass beads are quite uniform in size and nearly spher-
ical in shape. The Ottawa sand is also uniform in size but well-rounded 
in shape. From sieve analysis the mean diameter as well as the standard 
deviation from the mean of the materials was obtained. The natural angle 
of repose of the materials under water was determined by pouring a pile 
and then measuring its final slope. These physical characteristics, as 
well as the specific gravity, of the bed materials are tabulated below. 
Physical Characteristics of Bed Materials 
Geometric Standard Specific Angle of 
Material d(mm) Deviation (d ) Gravity (s) Repose (<&) 
Glass Beads 0.297 1.06 2.47 24° 
Ottawa Sand 0.585 1.16 2.62 32.5° 
The bed was screeded with a 2- by 2-in board in order to render it plane. 
The total amplitude of oscillation, 2a, was increased in steps until sedi-
ment particles began to oscillate. Whenever a large number of particles 
oscillated as much as a distance of several grain diameters, incipient 
motion was said to exist. The amplitude and period of oscillation as well 
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as the water temperature were then recorded., For incipient motion: 
Material 2a (in) T (sec) Temperature (°F) 
Glass Beads 11.0 3.56 54 
Ottawa Sand 13.1 3,58 68 
Dye was injected into the boundary layer by means of a tube and hypo-
dermic needle which projected through the floor of the test section and 
into the sand. The tip of the needle was only several grain diameters 
below the top of the sand bed. The breakdown of the dye in the boundary 
layer was observed as the amplitude of oscillation was increased. Incip-
ient motion for the glass beads occurred just prior to transition of the 
boundary layer whereas for the sand it occurred for a turbulent boundary 
layer. The value of 
r r 3/2 
TC a "VP- Vp w 
(y -Y) d tan $ (Y ~Y) d tan <D 
s s 
at incipient motion of the glass beads is 0.191. The value of 
T / ( Y "Y)d tan <2> could not be determined for the sand inasmuch as no 
C s 
theoretical equation corresponding to Equation (13) exists for oscilla-
ting flow with a turbulent boundary layer. The writer was able to run 
only two incipient-motion tests for the two bed materials available since 
the frequency of oscillation of the U-tube is essentially constant. 
Manohar, however, was able to run many incipient-motion tests as he could 
vary both amplitude, a, and frequency, u, of oscillation, 
The results of Manohar's incipient-motion tests are listed in Table 
1. The values of the parameter T / (y -y)d rather than the LHS of Equa-
c s 
tion (8) are listed inasmuch as Manohar did not experimentally determine 
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Table 1. Incipient-Motion Results for an Oscillatory 
Laminar Boundary Layer (Manohar's Data) 
(in) u(rad/sec) Tc/(rs-r)
d 
Glass Beads: d = 0.235 mm, Specific gravity = 2.49, Temperature = 70° F 
24.0 0.433 0.0501 
23o0 0.511 0.0615 
22.0 0.556 0.0670 
21.0 0.546 0.0622 
20.0 0.556 0.0607 
19.0 0.583 0,0620 
18.0 0.641 0.0677 
17.0 0.698 0.0728 
16.0 0.690 0.0673 
15.0 0.740 0.0700 
14.0 0.739 0.0651 
13.0 0.785 0.0664 
12.0 0.821 0.0654 
11.0 0.923 0.0652 
10.0 0.996 0.0729 
9.0 1.020 0.0680 
8.0 1.200 0.0772 
7.0 1.255 0.0722 
6.0 1.415 0.0740 
5.0 1.543 0.0703 
4.0 1.714 0.0658 
Average - 0.0680 
Sand: d = 0.280 mm, Specific gravity = 2.65, Temperature = 74° F 
24.0 0.571 0.0560 
23.0 0.588 0.0561 
22.0 0.610 0.0566 
21.0 0.655 0.0602 
20.0 0.667 0.0589 
19.0 0.678 0.0573 
18.0 0.721 0.0596 
17.0 0.757 0.0605 
16.0 0.743 0.0555 
15.0 0.825 0.0606 
(Continued) 
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Table 1. Incipient-Motion Results for an Oscillatory 
Laminar Boundary Layer (Manohar' s Data) 
(Continued) 
a (in) u(rad/sec) Tc/(ys~y)d 
14.0 0.860 0.0603 
13.0 0.905 0.0606 
12.0 0.926 0.0578 
11.0 1.042 0.0630 
10.0 1.105 0.0628 
9.0 1.270 0.0695 
8.0 1.330 0.0666 
7.0 1.420 0.0641 
Average = 0.0603 
the angle of repose, 0. It is apparent that T /(y _y)d is essentially 
constant for each bed material. There is only a minor variation of this 
parameter with the frequency of oscillation, indicating that the inertia 
forces due to the unsteady nature of the flow are not significant. 
Manohar assumed that the angle of repose for both his 0.235 mm glass 
beads and 0.280 mm sand was 45° in water. The writer feels that 45° is 
too high for the angle of repose of small, uniform grains. The writer 
has measured the angle of repose of 0.220 mm and 0.297 mm glass beads 
to be 22° and 24°, respectively. An approximation for O for Manohar' s 
glass beads would be an interpolation between the results of the writer, 
from which $ = 22.4°. For €> = 22.4° the LHS of Equation (8) is 0.165 
for Manohar' s glass beads. The value of €> for Manohar' s sand would 
likely be greater due to more angularity. Based on information avail-
able to the writer, Manohar' s sand most likely varies between 25° and 
30°. If $ = 25°, the LHS of Equation (8) is 0.130. 
Summary 
Incipient-motion results for three entirely different laminai 
L9 
boundary layers have been analyzed. The results are summarized below, 
Type of Laminar Flow Investigator d(mm) $ (y -y)d tan 0 
Open channel White 0.21 540 
Open channel White 0.90 46° 
Converging nozzle White 0.122 45° 
Oscillatory (U-tube) Martin 0.297 240 







Oscillatory Manohar 0.280 25° (Assumed) 0.130 
(Oscillating plate) 
Except for Manohar1s 0.280 mm sand the parameter T /(y -y)d tan <J> 
appears to have a constant value in the neighborhood of 0.16 to 0.20. The 
reason for the large discrepancy between the value of the parameter for 
Manohar's sand and the other values is not apparent. As shown in Table 
1 the parameter T /(y -y)d for Manohar's sand is essentially constant over 
a wide range of frequencies, precluding the possibility of any large exper-
imental error. The assumed angle of repose may be in error but, in the 
writer's opinion, only on the low side. 
In any event it is concluded that for a laminar boundary layer the 
LHS of Equation (8) is a constant. If an average value is taken of all 
the above results except Manohar's, Equation (8) may be expressed 
Jc_ 
(y -y) d [tan <£> cos + sin a] 
or 
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r 9U i 
7 \—TTT * 1 " " T = °-19 (14) 
VY ~y) d Ltan 0 cos a + sin aj 
For any given velocity distribution in laminar flow the conditions for 
incipient motion for a given bed can be predicted by Equation (14) as long 
as cohesive forces between grains are absent, 
Incipient-Motion Results for a Turbulent Boundary Layer 
For bed particles immersed in a turbulent boundary layer the vis-
cous force becomes insignificant and the pressure force becomes dominant, 
For hydraulically smooth boundaries for which there is a small degree of 
turbulence and a laminar sublayer exists, Equation (14') is applicable. 
According to Schlichting (9) a boundary consisting of uniform sand grains 
is considered smooth if R" < 5, transitional if 5 < R" < 70, and rough 
if R" > 70. For sand grains comprising a transitional boundary the pre-
dominant force may be composed of viscous shear stresses for R"'f near 
5 and normal stresses (pressure) for R* near 70. For a rough boundary 
the dominant force is pressure. The parameters f(Rn) and f'(RA) will 
o Li 
be delineated from experimental results on both transitional and rough 
boundaries. 
In evaluating the relationship f(R j the question arises as to 
the appropriate velocity u , to be used in the analysis. Einstein and 
El-Samni (10) determined a lift coefficient for particles immersed in a 
hydraulically rough boundary-layer flow in terms of a difference in pres-
sure between the top of the particles and the space between the particles 
Ap - CL 4 
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Their experiments were conducted by using 69 mm diameter hemispheres placed 
in a hexagonal pattern on the bottom of a flume and by also using 61 mm 
mean diameter gravel placed 6-8 inches thick on a flume. The hemispheres 
were uniform in size but the gravel had a considerable spread in size. 
They found that, for the hemispheres, the lift coefficient had a constant 
value of 0.178 if the velocity u was measured 0.35 d from the theoretical 
wall which was determined to be 0.20 d below a plane tangent to the top of 
the spheres. The theoretical wall was determined as being the origin 
of the logarithmic velocity distribution. Other origins failed to produce 
a logarithmic profile in the vicinity of the wall. For the gravel the 
same value of the lift coefficient and the same reference plane for the 
velocity u were found provided the sieve size used was the grain size of 
which 35 percent of the mixture by weight was smaller. Iwagaki and 
Tsuchiya (11) measured the velocity profile above stream beds comprised 
of sand grains having mean diameters of 0.223 mm and 1.435 mm. For ea^h 
boundary a logarithmic velocity profile was obtained outside the laminar 
sublayer if the theoretical wall was located 0.25 d below the plane tangent 
to the top layer of particles. The two flow: rates used were at incipient 
motion of the sand grains. The value of R 'v was 2,4 and 35 for the 0,223 
^ c 
mm and 1.435 mm diameter particles, respectively. The smaller grain size 
material produced a hydraulically smooth boundary whereas the larger grain 
size produced a boundary which was in the transitional zone, 5 < FT < 70„ 
But in both cases the theoretical wall for the logarithmic velocity pro-
files coincided. For turbulent oscillatory flow over a bed Kalkanis (12) 
found the theoretical wall to be 0.2d below the plane tangent to the top 
of the bed. He found this to be true for nearly uniform particles having 
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sizes of 1.68 mm, 2.18 mm, and 2.82 mm. 
The theoretical wall for turbulent velocity profiles appears to 
be approximately 0.2d below the top of beds comprised of uniform grair.s. 
If Einstein's and El-Samni's findings for a constant C are utilized the 
velocity u, to be used in incipient motion calculations should be 
Ud = M y = 0.35d (15) 
with the origin for y being 0.2d below the plane tangent to the top 
layer of particles, as shown in Figure 1. 
The accepted equations for velocity distributions for turbulent 
flow will be used to evaluate u , from incipient-motion results. The 
generalized velocity distribution for turbulent flow is, from Nikuradse 
(13) 
-% - 5.75 log10 * = X(R*) (16) 
in which X is a parameter which depends on the ratio of the thickness 
of the laminar sublayer to the diameter of the sand grains. For a 
hydraulically smooth boundary, for which Rr < 5 
X(RW) = 5.5 + 5.75 log1Q R 
and 
-TT = 5.5 + 5.75 lognn ^ (17 
*10 v 
For a transitional boundary, for which 5 < R" < 70, X(R") has not been 
expressed mathematically, to the writer's knowledge; but Nikuradse has 
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delineated x(R^) graphically from experimental results. For a hydrauli-
cally rough boundary, for which R'K~ > 70, X(R"") = 8.5 and 
-- = 8.5 + 5.75 log1Q J (18) 
For smooth boundaries and for some transitional boundaries the velocity 
at y = 0,35 d occurs within the laminar sublayer. Inasmuch as f(R'x) is 
sought for turbulent flows u, will be computed only for those flows for 
which the laminar sublayer thickness 5' < 0.35d. The thickness of the 
laminar sublayer for smooth boundaries is given by Rouse (14) to be 
&. = i ± # 
u 
For transitional and rough boundaries, however, the actual laminar sub-
layer decreases as the roughness and R'f increase. The variation of 
u 6'/v with R has been determined by Rotta (15). Using Rotta's 
results the actual laminar sublayer thickness at R" = 18 is 0.35d. For 
R ' < 18 the velocity u,, as defined, will be within the laminar sublayer 
provided the theoretical wall is the same for both the laminar and turbu-
lent velocity profiles. The characteristic velocity for smooth and 
transitional boundaries which provides meaningful results on fluid-
resistance may not be at y = 0,35d. Inasmuch as neither the theoretical 
wall describing the velocity distribution within the laminar sublayer 
nor the appropriate characteristic velocity is known the parameter f(R ) 
will be delineated only for R* > 18. 
7 c 
For 18 < R* < 70 
c 
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•4r = -2-6 + x(R*) (19 
u c 
c 
and for R * > 70 c 
-nr = 5.9 (20) 
uc 
Using these relationships incipient-motion data from several investi-
gators are analyzed. 
Unidirectional Converging Flow 
White (6) also determined the conditions for incipient motion of 
bed particles placed in converging flow of both air and water. For these 
low viscosity fluids and a converging flow the boundary layer is quite 
thin. He measured both the critical velocity outside the boundary layer 
and the critical tractive force for incipient motion. From White's mea-
sured values of f'(R ) the values of f(R ) can be computed from Equa-
tions (9), (19), and (20). For 18 < R* < 70 
f(R*) = [x(R*) - 2.6] yriFT (21) 
and, for R " > 70 
f(R*) = 5.9 yF^R*) (22) 
The results of this analysis and White's experimental results are given 
in Table 2, in which V is the velocity outside the boundary layer. The 
incipient-motion parameter, f(R*), based on the bed velocity will be 
c 
taken to be a constant 1.95 for 33 < R* < 1280. Also the parameter 
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f'(R~") based on the critical tractive force is essentially a constant, 
having a value of 0.11. Both of these incipient-motion parameters should 
remain constant for values of R" > 1280 provided there is no radical 
c ^ 
change in the wake between grains and the turbulence intensity remains 
essentially the same. 
Table 2. Incipient-Motion Results for 
Unidirectional Flow (White's Data) 
Bed V 
laterial d(mm) Fluid y /y a <£ (ft/sec) R* f*(R") f(R") 
Sand 0.90 Water 2.6 0° 45° 1.25 33 0.119 2.1 
Steel Shot 0.71 Water 7.9 0° 34.4° 2.03 35 0.094 1.9 
Sand 0.90 Air 2100 0° 45° 37.5 80 0.098 1.9 
Sand 5.6 Water 2.6 -24.2° 45° 1.84 360 0.114 2.0 
Sand 5.6 Water 2.6 0° 45° 2.46 480 0.101 1.9 
Sand 5.6 Water 2.6 26.2° 45° 2.98 590 0.113 2.0 
Sand 5.6 Air 2100 0° 45° 88.4 1280 0.102 1.9 
Open-Channel Flow 
There are data available for turbulent boundary layers which are 
developed, or partially developed, in contrast with White's study for thin, 
undeveloped boundary layers. As reported by Mavis, Ho, and Tu (16), Ho 
and Tu conducted incipient-motion tests in a flume, using water as the 
fluid and sixteen different sizes of bed material. Ho conducted the first 
series of tests and, subsequently, Tu repeated Ho's tests. They measured 
the velocity profile above the bed at the condition of incipient motion. 
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Upon using their measured values of the fluid velocity at 0.025 ft and 
at 0.0b ft above the top of the bed, and assuming that the kinematic 
_ t Q 
viscosity of the water was (10 )ft /sec, the velocities u * and u, 
c dc 
were computed by the writer from Equations (15) and (16). Inasmuch as 
the angles of repose of the bed material are not reported the LHS of 
Equation (9) can not be determined. However if the angle of repose is 
disregarded, and since the bed in their experiments was horizontal, the 
LHS of Equation (9) reduces to u, /y(s-l) gd. 
The LHS of Equation (10) reduces to Shields' parameter, Equation 
(11). The results for both parameters are tabulated in Table 3. The 
velocity results reported by Mavis e_t al_. are the arithmetic mean of eight 
to ten observations on the sand and crushed stone and four observations 
on the Haydite. The values of u, listed in Table 3 are the average 
of those computed from measure velocities at 0.025 ft and 0.050 ft from 
the bed. Upon comparing the results of Mavis e_t a_l. with the results of 
White for 33 < R* < 360 a wide discrepancy is apparent. White' s results 
for the incipient-motion criterion based on velocity are such that the 
parameter u, / ^s-1) gd is twice that for the results of Mavis 
et al. In order to have equal values of the parameter f(R*) for the 
c 
two series of tests the angle of repose for the bed materials of Mavis 
et al. would have to be 14°. This computed value is evidently entirely 
too small for bed material greater than 1.0 mm in size. If the 
angle of repose for their bed materials for which incipient motion 
occurred in the range of 32 < R* < 320 were assumed to be 35°, a suit>-
able value, the value of f(R ) is approximately 1.1. The corresponding 
c 
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Table 3. Incipient-Motion Results for Open-Channel 
Flow (From Mavis e_t al. ) 
udc udc y , 
Bed Material d(mm) s (ft/sec) \/(s-l) qd ("f - T ) d c 
Sand 0.35 2.64 -- -- 0.015 3 
Haydite 0.5 1.83 -- -- 0.015 4 
Sand 0.5 2,64 -- -- 0.014 6 
Haydite 0.7 1.83 -- -- 0.014 7 
Sand 0.7 2.64 -- -- 0.014 9 
Haydite 1.0 1.83 -- -- 0.016 12 
Sand 1.0 2.64 0.35 0.9 0.016 18 
Haydite 1.4 1.83 0.30 0.9 0.017 21 
Sand 1.4 2,64 0.42 0.9 0.019 31 
Haydite 2.0 1.83 0.36 0.9 0.018 37 
Sand 2.0 2.64 0.51 0.9 0.021 57 
Sand 2.8 2.64 0.64 0,9 0,022 97 
Sand 4.0 2.64 0.77 0.9 0.024 170 
Crushed 
Limestone 4.0 2.60 0.79 1.0 0.026 175 
Sand 5.7 2.64 0.98 1.0 0.028 310 
Crushed 
Limestone 5.7 2.60 1.00 1.0 0.029 320 
value of f (R*) would be 0.033, or approximately one-third of the 
same parameter for White' s tests. There is obviously a difference in 
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what various observers call incipient motion. The writer does not believe 
that there could be enough difference in judgement between the investi-
gators Mavis et a_l. and the investigator White to constitute the discrep-
ancy shown in the results. Ho and Tu performed identical experiments 
independently of one another and achieved tolerable agreement,, The writer 
believes that the flows of White and Mavis et al. were different to the 
extent that the same bottom velocity u, for the different experiments 
produced different fluid-resistance forces. White realized that his 
incipient-motion parameter was much greater than the ones determined by 
Shields and others. White explained the difference as being that, for 
developed flows (or essentially developed) as occur in streams and in long 
flumes, the turbulence level is greater than for undeveloped flows like 
his converging flow. Large instantaneous fluctuations in the bed velocity 
constitute large instantaneous forces,, Highly turbulent flows could move 
the same bed particles with smaller values of u, than turbulent flows 
with lesser intensities of turbulence. It is believed that the intensity 
of turbulence is at least one factor resulting in the disagreement between 
the results of Mavis et a_l. and those of White. 
Also reported by Mavis et al. are the results of Schaffernak. 
Schaffernak conducted incipient-motion tests on various grades of material 
in a channel 100 cm wide. The results to be reported here are for uniform, 
rounded grains. Mavis e_t a_l. reports values of a bottom velocity deter-
mined by Schaffernak at incipient-motion conditions. If these values of 
Schaffernak's so-called bottom velocity are equated to u, the parameter 
u, / /(s-l) gd can be computed. There are no values of the angle of 
repose, 0, reported. The results of Schaffernak1s incipient-motion 
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tests are listed in Table 4 with the assumption that the kinematic vis-
-5 2 
cosity of the water was (10 )ft /sec. The specific gravity of the bed 
material was 2.7. Values of Shields' parameter are computed from Equa-
tions (11) and (22). 
Table 4. Incipient-Motion Results for Open-
















c \/(s-l) qd 
1.0 5.0 0.90 260 
12.3 1.32 0.9 0.023 910 
16.2 1.94 1.1 0.037 1750 
25.0 2,3 1.1 0.034 2970 
30.0 2,4 1.0 0.031 4010 
50.0 3.15 1.0 0.032 8800 
70.0 3.3 0.9 0.025 12900 
The values of u / y(s-l) gd for Schaffernak are in good agree-
ment with those of Mavis e_t a_l. This is not surprising as all of the 
investigations were conducted in essentially developed turbulent flows* 
The parameter u, /^/Ts-l) gd can be assumed to have a constant value of 
approximately 1.0 for these data when 18 < R < 12900, The parameter 
f(R^) is not known for these data since the angle of repose was not 
reported. If <X> is assumed to have an average value of 40°, f(R") =1.1 
Oscillatory Flow 
For unsteady turbulent boundary layers there is meager information, 
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if any, available for the boundary shear stress on rough boundaries. Hence 
the parameter f'(R ) becomes unsuitable for unsteady turbulent boundary 
layers. On the other hand, there are data available for velocity distri-
butions within and above unsteady turbulent boundary layers occurring 
above rough boundaries. The suitable parameter for incipient motion of 
bed particles in an unsteady turbulent flow is Equation (9), f(R"), even 
though R' cannot be determined. The LHS of Equation (9) can be deter-
mined from experimental results. The velocity distribution in an oscilla-
tory turbulent boundary layer can be represented by the results from 
Kalkanis (12). For a fluid oscillating simple harmonically above a bed 
the velocity within the turbulent boundary layer is given by Kalkanis 
2 
1 + ^ (y) - 2 f 1 (y ) cos [ f 2 ( y ) ] s i n ( u t + 9) (23) 
in which 
f2_(y) = 2 e x p 
133 yu 
U d \ /w/2v 
— 2/3 
f 2 ( y ) = \ [ N / ^ Y ] 
9 = tan 
-1 
f ^ y ) sin [ f 2 ( y ) ] 
1 " f ^ y ) cos [ f 2 ( y ) T 
and U is the maximum velocity of the flow outside the boundary layer. 
m 7 7 7 
If the velocity u, is evaluated as being the maximum during a cycle of 




U [l + f,2(0.35d) - 2fn(0.35d) cos [fO(0.35d)]1 
m C L - 1 -2- f(Rw) (24) 
s-l) gd [tan 0 cos a + sin a] 
in which U is the value of U at incipient motion. The LHS of 
mc m ^ 
Equation (24) can be determined from the results of Manohar (7) and those 
of the writer. 
Manohar determined conditions for incipient motion by oscillating 
a bed of particles simple harmonically under an otherwise quiescent tank 
of water. The boundary layer was turbulent for the results to be analyzed 
here. Manohar conducted many tests for each bed material by varying the 
amplitude and the frequency of oscillation of the bed. He found that, for 
each bed material, incipient motion occurred at a constant value of the 
maximum velocity, U , of the plate. The velocity distribution for the 
flow relative to the oscillating plate is given by Equation (23). Since 
Manohar did not report measured values of the angle of repose of his bed 
materials the factor tan <X> will be omitted from Equation (24). For a 
horizontal bed Equation (24) is written 
U m c [ l + f1
2(0.35d) - 2f1(0.35d) cos[f2(0.35d)]]' 
(25) 
•yU- i ) gd y ( s - i ) ^ 
Values of the LHS of Equation (25) were computed from the test results of 
each of Manohar's bed materials. He conducted many incipient-motion tests 
for each bed material by varying both the amplitude and the frequency of 
oscillation of the plate. The value of u, /~\f[s-l)gd is essentially 
constant for all tests on each bed material. Pertinent characteristics 
of the bed materials and average values of u /~\/Ts-l)gd are listed in 
Table 5, 
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Table 5. Incipient-Motion Results for an Oscillatory 
Turbulent Boundary Layer (Manohar's Data) 





s t s 




Bed Me v/0 5 - D gd 
Sand 0 .280 2 .65 2o2 
G l a s s beads 0 .610 2 , 5 4 19 1.000 1.9 
Sand 0 .786 2 . 6 3 18 1„072 1.7 
Sand 1.006 2 . 6 0 15 1.129 1.6 
Sand 1.829 2 .60 19 1.355 1.5 
Sand 1.981 2 . 6 3 18 1.380 1.5 
Polyvinyl Chloride 
Pellets 3.17 1.280 13 0.812 1.7 
Polystyrene 
Pellets 3.17 1.052 13 0.295 1.5 
The suitability of the parameter u, /y/T's-l) gd for turbulent 
flow is again demonstrated here. This incipient-motion parameter has 
nearly a constant value for bed particles above 0.8 mm diameter. For 
unidirectional flow of water, sand grains larger than approximately 0.9 
mm diameter also exhibited a constant value of the parameter u, / \J\z-\ )gd, 
An average value of u, / Jis-l) gd for d > 0.8 mm is approximately 1.6 
for oscillatory flow. Again it is unfortunate that Manohar did not measure 
the angle of repose of his materials. If, however, O is assumed to be 
35° for his sand grains larger than 0.8 mm the average value of the param-
eter u, / \Jys-l) gd tan O is approximately 1.9. It is interesting that 
the average value of u, / /(s-1) gd tan <£ for Manohar's larger bed 
particles compares favorably with the average value of 1.95 for White's 
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larger sands. Admittedly, values of <£ are assumed for Manohar's sand, 
But, inasmuch as 35° is a suitable value for 0 for sands of 1.0 mm 
size and since tan 0 is under the radical, the value of 1.9 for 
u, / /Ts-l) gd tan 0 is probably fairly accurate. The writer feels 
that the credible agreement between results of Manohar and White and the 
unsatisfactory agreement between results of Manohar and Mavis et a_l. can 
be attributed to the fact that Manohar's flow possessed very little turbu-
lence, if any, outside the boundary layer. The degree of turbulence in 
White's convergent turbulent boundary layer and in Manohar's oscillatory 
turbulent boundary layer was obviously very low. Strictly speaking, if 
White and Manohar each had the same definition for incipient motion, and 
if each flow possessed the same level of turbulence, the critical velocity 
u. would have to be greater in Manohar's case inasmuch as u , is really 
dc 3 dc 
an instantaneous velocity in oscillatory flow. Obviously the instantaneous 
velocity would have to be greater than just a threshold velocity for the 
bed particles to be moved a short distance. In any event it is concluded 
that, for hydraulically rough boundaries 
-======^M============- = f(rr) ~ 1.9 (26) 
/(s-1) gd [tan <2> cos a + sin aj ° 
for flows having low degrees of turbulence. For sand particles in 
water, Equation (26) applies for particles having diameters greater than 
approximately 0.8 mm. 
The writer found that, for incipient motion of the 0.585 mm Ottawa 
sand in the U-tube, the maximum velocity, U = 0.960 ft/sec. The cor-
' 7' mc ' 
responding value of the LHS of Equation (25) is 1.9. This value is in 
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accord with the results for Manohar's glass beads. 
Discussion of Shields' Parameter 
Since Shields' parameter, T /(y - Y ) ^ 1 S widely recognized as a 
suitable criterion for incipient motion, it was deemed appropriate to 
discuss its merit. The writer would prefer the inclusion of the angle of 
repose in the criterion as he feels that it is a necessary sediment property, 
However, inasmuch as most investigators do not report values of the angle 
of repose, Shields' parameter will be discussed instead. 
It is apparent that there is a wide disparity in the value of 
Shields' parameter for a laminar boundary layer (White's data) and for a 
turbulent boundary layer (Shaffernak's data). There would appear to be 
some transitional region between the two. This transitional region will 
be delineated by analyzing the results of Chepil and Zingg. 
Both Chepil (17) and, later, Zingg (18) report incipient-motion 
results for bed material placed in a wind tunnel. Chepil used soils 
having different sizes and various specific gravities and quartz sands of 
small sizes. For the soil he reports values of u" and u"/V(y /y-l )gd. 
The temperature and density of the air are not reported. However, the 
-4 2 
writer decided to use v = 1.8(10 )ft /sec after investigating Chepil's 
data. Chepil's data for incipient motion of his soil and computed values 
of R* and f"(FT ) are listed in Table 6. 
Chepil reports measured values of the air velocity six inches 
above the bed containing quartz sand. The values of u * are computed 
from Equation (16), assuming v = 1.8(10 )ft /sec. The results are 
given in Table 7. 
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Table 6. Incipient-Motion Results for Air 
Flow over Soil (Chepil's Data) 
Specific 
Gravity ux (ft/sec) 
c ' 
Tc 
d (mm) (rs-r)d R c 
0.027 2.58 0.82 0.102 0,4 
0.075 2.07 0.49 0.017 0,7 
0.125 2,09 0.44 0.008 1.0 
0,165 1.96 0.57 0.010 1.7 
0.215 1.94 0.67 0.010 2.6 
0.325 1.91 0.73 0.008 4.3 
0.505 1.91 0.90 0.008 8.3 
0.710 1.80 1.09 0.010 14 
1.010 1.78 1.51 0.012 28 
1.595 1.74 1.79 0.012 52 
2.500 1.65 2,14 0,012 98 
Table 7. Incipient-Motion Results for Air Flow 











0.035 2.11 0.053 0.5 
0.075 1.35 0.011 0.6 
0.125 1.25 0.006 1.0 
0.200 1.63 0.006 2.0 
Zingg reports value of T which he obtained both by direct measure-
ment and by resolution from velocity profiles above the bed. He used quartz 
sand having specific gravity 2.65 as bed material. His results and computed 
it 
values of R " are reported in Table 8. 
c r 
All the data analyzed for laminar and turbulent boundary layers for 
unidirectional flow are presented in the form of Shields' parameter in 
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Table 8. Incipient-Motion Results for Air Flow 











0.275 0.00180 0.012 5.0 
0.360 0.00250 0.013 7.8 
0.505 0.00350 0.013 12.9 
0.715 0.00513 0.013 21.8 
Figure 2, The solid line on the figure is the one conceived by Shields; 
the data grouped around the line (blacked-in circles) are those measured 
by Shields and others and analyzed by Shields. There is a wide discrep-
ancy between results of the various investigators. The results of Chepil 
and Zingg appear to outline the transitional region between a laminar 
boundary layer and a turbulent boundary layer. It appears that Shields' 
parameter approaches a constant value between 0.25 and 0.3 for R" < 0.3. 
For a turbulent boundary layer there is a considerable disagreement 
between results of the many investigators. This disagreement has been 
discussed before as possibly being due to different levels of turbulence 
intensity. 
For Chepil's and Zingg's data the parameter u, / V T Y /y-1)gd =0.8 
U L * o 
v. 
for R" > 18. This value is only somewhat less than that of the results 
c ' 
of Mavis et. a_l. and of Schaffernak. All of the results for the incipient-
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Figure 3. Incipient-Motion Results in Terms of Critical Velocity, 





Several conclusions may be formed from the above analyses. (l) 
For bed particles in laminar flow or completely immersed in a laminar 
sublayer for which there is no turbulence, T /(y -y)d[tan $ cos a + sin a] = 
0.19. (2) For turbulent boundary layers for which R* > 18 the parameter 
based on a critical velocity u, /v/(s-l)gd [tan 0 cos a + sin a] equals 
1,9 for flows having extremely low degrees of turbulence and equals approx-
imately 1.1 for flows having rather high degrees of turbulence. The 
velocity u, is determined at a distance of 0.35d from the theoretical 
wall, which is 0.20 d below the plane tangent to top of the bed particles* 
The number 1.9 for the critical velocity parameter applies as well to 
oscillatory flow with a turbulent boundary layer. (3) The parameter 
based on the critical boundary tractive force, T /(y -y)d[tan $ cos a + sin a], 
and Shields' parameter, T /(y -y)d, vary considerably from investigator 
to investigator. The writer feels that the wide variation indicated on 
Figure 2 (and Figure 3) is not solely due to differences in judgement 
between investigators, but somewhat dependent on the level of turbulence 
2 
present in the main stream above the bed. Since T <=< u , , large fluctua-
tions in velocity can entail sharp increases in the instantaneous boundary 
shear stress. Thus, neither the time-average boundary-shear stress nor 
the time-average value of the bottom velocity, u,, are reliable indi-
cators for incipient motion. 
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CHAPTER IV 
INVESTIGATION OF THE SEEPAGE FORCE 
The seepage force, F , is present wherever and whenever there 
is flow within the permeable bede In this chapter attention will be 
directed to the determination of the magnitude of the seepage force, F , 
on the top bed particles for a given flow within the bed. 
Static Analysis of Seepage Force 
The magnitude of the seepage force within the bed on a mass of 
bed particles and fluid is easily determined,, The seepage force, F , 
per unit volume of bed material and fluid mass is simply the product of 
the specific weight of the fluid and the piezometric-head gradient in the 
direction of flow. The piezometric head 
h = p/y + Y 
in which y is the vertical coordinate and p is the fluid pressure 
at a point. The components of the seepage force per unit volume in the 
6h 3h 
•x- and - Y 5— ay '3x 
vertical and horizontal directions are - y-r- a > respectively, 
in which x is the horizontal coordinate. The question arises as to 
whether or not the seepage force on those particles at the top of the 
bed is equal to the seepage force on particles several layers below the 
bed. In the usual static analysis of the effect of seepage on the sta-
bility of slopes, as performed by Haefeli (19), the seepage force on the 
top particles is assumed to be equal to that on the particles within the bed 
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With reference to Figure 4, a static analysis of the effect of seepage on 
the angle, a, at which a bed makes with the horizontal will be effected. 
The direction of seepage flow is at some arbitrary angle, (3, with the 
bed surface and, in the sketch, out of the bed. The bed material is 
assumed to be completely saturated. 
Figure 4. Seepage out of a Bed. 
In the following analysis the forces will be considered to be 
acting on a small incremental volume, A¥ , of bed particles and fluid 
at the surface of the bed. In the direction of flow there is the seepage 
force, F . The other external force is the effective weight force, W. 
For the critical state of equilibrium (incipient motion), Equation (6) 
can be written 
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F cos p - W sin a 
tan 0 = -^—•— (27) 
F sin p. - W cos a 
The seepage force on the top layer of bed particles is assumed to be 
equal to the seepage force on particles several layers down within the 
bed times what is defined as a flow coefficient, C. The two components 
of the seepage force per unit volume on bed particles several layers 
beneath the top layer of particles are simply -y [dh/dx'] , and 
-y[dh/6y'] ,_ . The flow coefficient, C, would be expected a priori 
to vary with the angle the seepage flow makes with the bed, p. Each 
component of the seepage force depicted in Figure 4 is assumed to be 
associated with a flow coefficient; namely, C\\ and C x. These two 
flow coefficients are not expected to be equal and would be expected to 
depend on the angle p. Utilizing the flow coefficient concept, Equation 
(27) can be expressed 
C„ r A V [ah/ax'] + ( Y S A V S - y A V S) sin a 
t a n <J> = - • -*— --• 
cl yA¥ [ah/ay,]yl=o + (rsA¥s- Y A Vj" cos 
in which y is the specific weight of the bed material, A¥ is the 
incremental volume of solids (bed material) within A¥, and A¥ is 
the volume of voids (fluid) within A¥. The voids ratio is defined as 
e = A¥ A ¥ . Since A¥ = A¥ + A¥ , the above expression can be 
reduced to 
C,i (1 + e)[ah/ax'] 1=o + (s - 1) sin a 
tan * = crrri—)[ah/sryr=o r ( s - n cos;
 (28) 
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in which s is the ratio y H' Haefeli assumed the flow coefficients 
to have the value of unity. There is no reason to accept Haefeli's 
assumption a priori inasmuch as the flow pattern around the top bed parti-
cles is obviously different from that several particles deep. In the fol-
lowing the flow coefficient for flow perpendicular to the bed, C^ , as 
well as that for flow parallel to the bed, C||, is determined from experi-
mental resultSo 
Experimental Investigation of Flow Coefficient 
for Flow Perpendicular to the Bed 
An experimental program was undertaken for the determination of 
the magnitude of the flow coefficient for seepage perpendicular to the 
bed. This flow coefficient, Cj. , is expected to depend upon the geometry 
of the flow passages within the bed, and might also be expected to differ 
depending on whether the flow is into or out of the bed. The experimental 
setup was designed to be a special case of the bed configuration shown in 
Figure 4. The direction of flow was made to be perpendicular to the bed 
and reversible. Water was made to flow through a 4 l/2-in diameter clear 
plastic pipe which contained the bed material. The apparatus was designed 
such that the pipe could be rotated about its center of gravity. A defini-
tive sketch of the experimental setup is shown in Figure 5; a photograph of 
the setup is shown in Figure 6. The tubes hanging from the pipe in Figure 
6 are connected to piezometers which are placed at 6-in intervals alone 
the pipe. For a given rate of flow of water through the sand the piezo-
metric-head variation within the bed can be measured by means of the simple 
manometer and gage shown in the right-hand side of the photograph. 
Constant -
Head Reservoir 
s of Rotation 
Figure 5. Definitive Sketch of Seepage Test Facility. 
^ 
Figure 6. Photograph of Seepage Test Facility. 
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The bed can be oriented at any angle with the horizontal. The graduated 
circular scale shown provides for the measurement of the exact angle. In 
the setup shown the bed material is completely saturated and the water 
completely fills the space above the bed and the space below the filter. 
The bed materials used were the glass beads and the Ottawa sand described 
in Chapter III. The experiment was designed such that the piezometric head 
within the bed and the angle of the bed could be measured at slope failure0 
The experimental procedure differed depending upon whether the flow was 
into the bed or out of the bed. In both cases the bed was first level5d by 
vibrating the pipe while in the vertical position. 
Experimental Procedure for Flow into the Bed 
For flow into the bed water was allowed to flow at the maximum 
rate available such that the bed would be stable for large values of the 
angle a. Upon closing valves (2) and © , valves (T) and @ were 
fully opened. The pipe was then rotated to the desired bed angle a. 
Care had to be taken to reduce vibrations which were found to cause 
slope failure. At the desired angle a the column was locked in place; 
and, by slowly closing valve (4) , the flow was reduced until the slope 
failed. For this flow rate the piezometric-head variation within the bed 
was measured. In Figures 7 and 8 is shown the piezometric-head varia-
tion within the sand column for the glass beads and Ottawa sand, respec-
tively. 
Experimental Procedure for Flow out of the Bed 
For flow out of the bed the pipe was rotated to some angle a less 
than the natural angle of repose, 0, of the bed material. All valves 
except (2) were initially closed. By slowly opening valve (3) the rate 
^7 
















DISTANCE FROM THE TOP PIEZOMETER (IN FT. 
Figure J. Piezometric-Head V a r i a t i o n for Flow i n t o the Bed (Glass Beads) 
kS 
SLOPE (FT./FT.) a SYMBOL 
-1.37 55° O 
-0.54 50° • 
-0.13 45° © 
1 2 
DISTANCE FROM THE TOP PIEZOMETER (IN FT. 
Figure Piezometrie-Head Variation for Flow into the Bed (Ottawa Sand) 
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of flow out of the bed was increased until failure occurred. The piezo-
metric-head variation within the bed was then measured. At the conclusion 
of all tests the bed was made "quick" in order that the voids ratio could 
be computed. The results are shown in Figures 9 and 10 for the glass beads 
and Ottawa sand, respectively. 
Discussion of Results 
The results were analyzed such that the flow coefficient C x could 
be computed for various angles of the bed, a, and for the two directions 
of flow. Since the flow was always perpendicular to the bed, Equation (28) 
can be expressed as 
(s - l)(sin a - cos a tan $) , . 
C-L (1 + e)[3h/ay«]
 U } 
in which [9h/9y'], the piezometric-head gradient in the column, is 
equal to [3h/dy'] ,_ , the piezometric-head gradient several layers 
from the top of the bed. 
The voids ratio was 0.47 for the glass beads and 0.57 for the 
Ottawa sand. The natural angle of repose of the bed materials was ob-
tained by interpolation from a plot of the piezometric-head gradient, 
9h/9y', and angle of the bed, a. The natural angle of repose, 0, 
corresponds to no seepage flow and was 32.5° and 41° for the glass beads 
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Figure 9. Piezometrie-Head Variation for Flow out of the Bed (Glass Beads) 
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and Ottawa sand, respectively. 
The results of the seepage tests are shown in Figure 11 in terms of 
the flow coefficient, Cj.. Computed values of Cj_ for values of the angle 
a close to <£> are subject to error as the numerator of Equation (29) is 
proportional to a difference in two terms of the same order of magnitude,, 
Since the data were not considered to possess the degree of accuracy required 
to produce suitable values of C x for values of a near 0 some of the 
computed results are not shown on Figure 11. The computed results omitted 
are for the tests for which a is closest to $. It is at once apparent 
that, for each bed material, the flow coefficient Cj_ is essentially a con-
stant provided that a < $. The constant values shown by the horizontal 
lines on Figure 11 are roughly 0.7 and 0.9 for the glass beads and Ottawa 
sand, respectively. For values of a > 0 the flow coefficient Cj_ decreases 
It should be noted that these values of 0 are considerably greater 
than the ones measured by pouring and quoted in Chapter III; namely, 24° and 
32„5° for the glass beads and Ottawa sand, respectively. As explained by 
Bernatzik (20), the so-called angle of repose depends upon the relative 
magnitude of the three normal stresses, as well as upon other parameters. 
He shows, for example, that the angle <X> for a conically shaped pile of 
cohesionless material is less than that for a plane slope of the same 
material. For a conically shape hole within a sand bed the angle of repose 
0 is greater than either one of the above cases. These differences are 
attributable to the relative magnitude of the normal stresses. The angle 
of repose for any material also depends on how densely the material is 
packed. The sand column in the seepage tests closely resembles Bernatzik1 s 
example of a plane slope0 Consequently the angle of repose <X> should be 
higher for the material when placed in the sand column than when resting 
on a pile. There are at least three other reasons why G> should be higher 
when the bed material is in the column. First, the density of the bed 
material is greater when located within a compacted bed than when resting 
on the face of a pile. Second, there is an additional stress on the bed 
material in the column by virtue of the load transmitted to the walls. 
Thirdly, the impulse-momentum capacity of particles rolling down the 
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Figure 11. Variation of the Flow Coefficient, C±, with 
Angle of Bed (Writer's Data). CJi CO 
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radically. The following discussion and crude analysis are developed in 
an attempt to explain the radical decrease of the flow coefficient for 
values of a > <D. 
After each run the column was vibrated in order to re-level the 
bed. There were always a number of single bed particles which protruded 
out of the essentially plane bed. For seepage flow out of the bed (a < <X>) 
the reduction or absence of the seepage force on these particles does not 
create instability of the bed. On the other hand, for seepage flow into 
the bed (a > 0) the reduction or absence of the seepage force on these 
particles can create instability of the bedo This instability was apoar-
ent from observation of avalanches set off by a single grain or a series 
of grains. For some tests with a > <D only a portion of the bed would 
undergo failure for a given value of the piezometric-head gradient, 
3h/9y', through the mechanism of an avalanche,, The remaining portion 
would frequently remain stable for a large decrease in Qh/dy 1. The 
fact that the flow coefficient Cj_ decreased at a greater rate for the 
Ottawa sand than for the glass beads can be explained by a crude analysis 
based on the impulse-momentum principle. The impulse that a rolling par-
ticle can impart to another particle is proportional to the particle's 
momentum, M \T , in which M is the mass of the particle and V^ is 
' s t' s ^ t 
considered to be the terminal velocity of the particle rolling down the 
bed. The terminal velocity V is determined on the basis that the drag 
force is proportional to the effective weight force down the plane. The 
drag force for the glass beads and for the Ottawa sand is proportional 
to |iV d for the Reynolds numbers involved here, Eagleson and Dean ( l ) . 
Hence 
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(y -y) d sin a o( |i V, d 
Therefore the momentum, m, of the particle 
p(ys - y) d sin a 
m °( 
Since the variables p, y -y, and p, were essentially constant for all 
tests for both bed materials, the momentum 
m o( d sin a 
This rough analysis demonstrates the functional dependence of the momentum 
on the particle diameter, d, and the angle of the bed, a. The mean 
diameter of the Ottawa sand is nearly twice that of the glass beads. 
Hence the momentum of a sand grain could be expected to be 32 times that 
of a glass bead for the same angle a. The lower values of the flow 
coefficient Cj_ for the sand than for the glass beads may be influenced 
by the greater momentum of the sand grains,, The dependence of the angle 
a on the flow coefficient is shown by Figure 11. 
It is concluded that the data for a > <£> do not truly represent 
the phenomenon desired. The sole purpose of these tests was to ascertain 
the magnitude of the seepage force, F , for flow out of and into the 
bed. The flow coefficient Cj_ has been defined as the ratio of the 
seepage force on the top layer of particles to that on particles several 
layers beneath the bed. Obviously there is a difference in flow-passage 
geometry between grains at the bed and between those down within the bed» 
Moreover it might be expected a_ priori that, for a given rate of flow 
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through a given bed,, the flow coefficient depends on whether the flow 
is out of or into the bed. It has been shown analytically and experi-
mentally by McNown et a__l» (21) and analytically by Keller (22) that, for 
laminar flow through narrow curved passages,, the majority of the total 
viscous resistance on the boundaries occurs at the location of minimum 
pore area. In other words the pressure gradient required to maintain 
a certain flow rate through a narrow passage depends mainly upon the 
minimum passage area and not so much upon the shape of the remainder 
of the passage. McNown et aJ. investigated laminar flow between a 
sphere and a cylindrical tube. They concluded that,, for large values 
of the ratio of the diameter of the sphere, d, to the diameter of the 
cylinderj D, the pressure gradient across the sphere could be deter-
mined by assuming that the majority of the viscous shear on the sphere 
occurred in the equatorial region of the sphere. Their analytical 
development was confirmed by experiment, Keller studied viscous flow 
between a row of cylinders and formed the same conclusion. Using the 
conclusions of the above investigators it is concluded that? for laminar 
flow in porous media, the seepage force depends only upon the geometry of 
the narrow passages between pores and not upon the direction of flow, 
The flow coefficient, Cj_, as defined should have a constant value for 
a given bed configuration and should not depend upon whether the seepage 
flow is into or out of the bed. The latter statement may not hold true 
for large flow rates for which the flow separates from the boundary of 
the particles. For boundary-layer separation the flow coefficient would 
conceivably depend on the direction of flow. For the test results taken 
with the glass beads and the Ottawa sand the flow was definitely laminar0 
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It is concluded that the flow coefficient Cj_ is 0.7 for the glass beads 
and 0.9 for the Ottawa sand. The difference in the values are thought to 
be due to the fact that the nearly spherical glass beads have different 
flow passages than the well-rounded Ottawa sand grains. In order to 
establish further qualifications as to the magnitude of Cj_ , results of 
another investigator are analyzed in the following^ 
Analysis of Results of Bernatzik for Perpendicular Flow 
Bernatzik (23) conducted the same type of seepage tests as the 
writer. He used sand as the bed material and water as the fluid. His 
test container was in the form of a rectangular cylinder having cross-
sectional dimensions of 19.8 cm by 20.4 cm and a length of 40 cm. His 
bed material was quartz sand, having a mean diameter of nearly 0.2 mm 
and having a specific gravity of 2.67. He mounted his container on an 
axle whereby the bed could be brought to any desired slope. Tests were 
conducted for flow into the bed and for flow out of the bed. Bernatzik 
used the same quantity of sand for all tests0 In preparing the test 
sample he vibrated this quantity into place in the test container such 
that it always occupied the same height, 18 cm. The voids ratio remained 
constant at 0.67. He conducted the seepage tests in essentially the same 
manner as the writer. 
Bernatzik1s results are delineated on Figure 12 in terms of the 
flow coefficient, Cj_, versus angle of the bed, a. He was able to vary 
a from 0° to 180° in 10° intervals. The angle of repose was 42°„ For 
values of a of 40° and 50° the flow coefficient is not given inasmuch 
as great accuracy of results is needed for bed angles near the angle of 
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repose,, The results given in Figure 12 are from Bernatzik's published 
results. He states that at least three tests were run at each bed angle 
and that test results which deviated greatly from the mean were elimi-
nated. The results he published are apparently the end result of many 
experiments and of some discretionary action on his part. 
The flow coefficient computed from Bernatzik's results varies 
considerably for 0° < a < 90° but remains nearly constant for 
90° < a < 180°. He states that, with flow out of the bed, that is for 
a < <D, the bed would frequently fail by rupture (quick condition) rather 
than by the normal sliding process. The scatter of the data for 
$ < a < 90° may well be due to the dislodging effect discussed earlier, 
For a > 90° any individual bed particle which does not receive suffi-
cient seepage force to hold it stable will fall freely through the water 
and hence will not dislodge any other particle by rolling. In other words, 
there is no problem from rolling for a > 90°. The absence of the rolling 
effect may be the reason that Bernatzik's data are quite consistent for 
a > 90°. The average value of the flow coefficient, Cj_ , is 0.95 for 
100° < a < 180°. The maximum deviation from this average value is five 
percent. 
Bernatzik states that he also ran identical tests on sands of 
other sizes. He found that the results were essentially unaltered except 
that there was an influence of grain size on the scatter of the data. In 
the following the flow coefficient for parallel flow is investigated. 
Analysis of Results of Havlicek for Parallel Flow 
Havlicek (24) investigated the effect of the seepage force on the 
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stability of slopes. He conducted experiments for water flowing through 
a saturated sand mass. The sand grains had a specific gravity of 2.65, 
He measured the angle of repose of dry sand by tilting a sand bed until 
failure occurred. The test that Havlicek conducted is that for seepage 




Figure 13. Definitive Sketch of Havlicek's Tilting Flume. 
The sand was placed in a tilting flume so that the streamlines would be 
parallel to the bed. For a given flow rate he would increase the angle 
a until the first movement of grains. Havlicek's results will now be 
analyzed using this angle a as the failure angle. The condition foi 
incipient motion, Equation (28), is applicable here. The flow coeffi-
cient for flow parallel to the bed 
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Inasmuch as the streamlines are parallel to the bed, the piezometric-head 
gradient normal to the bed is zero, that is 
[frV-o = ° 
Since the pressure is constant at the bed (atmospheric) the piezometric 
head at yf = 0 is simply equal to the vertical coordinate, y. The 
piezometric-head gradient parallel to the bed is equal throughout the 
bed. At the bed 
[̂ 7] , = [Phi . = sin a L9x' y'=o L5x,Jy'=o 
The flow coefficient 
T - X ~ H [cot a tan $ - l] (31) 
1 + e; L 
in which a is the bed angle at incipient motion. The results of 
Havlicek's tests are given in Table 9. The sands had the same voids 
ratio for the seepage tests as they did for the angle of repose tests,, 
The maximum and minimum values of a found by Havlicek and the cor-
responding maximum and minimum computed values of the flow coefficient, 
C||, are listed for each sand. The value of the flow coefficient, Cp, 
is essentially constant for each sand but it varies considerably from 
one sand to another. The reason for the discrepancy of the values of 
C|| from sand to sand is not apparent. The average value of C|| in 
Table 9 is 0.97. It may be simply fortuitous that this average value of 
CM agrees with the value of C_L from the results of Bernatzik. 
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Table 9. Results of Havlicek's Parallel 
Seepage Tests 
Sand 0 (avg„) e a . mm a max ^ m i n ( C " l a x 
I 37,6° 0.60 18.2° 18.5° 1.39 1.34 
I I 39o9° 0.53 20.2° 22„5° 1,36 1.10 
I I I (Loose) 36o0° 0.60 2207° 23.2° 0.76 0.72 
I I I (Dense) 37,8° 0.48 27,7° 27.7° 0.53 0.53 
Summary 
The results presented in this chapter are fairly conclusive as 
to the magnitude of the seepage force at the bed, The flow coefficient^ 
which is defined as the ratio of the seepage force on the top layer of 
bed particles to that on bed particles several layers within the bed, has 
been determined from results of two different seepage flows. From the 
results of the writer the flow coefficient? Cx, is concluded to be 0,7 
for the glass beads and 0.9 for the Ottawa sand. From Bernatzik's results 
the writer concludes Cj_ to be 0.95. The average value of the flow 
coefficient, C||, from Havlicek's tests is 0.97„ For sand for which p 
is either 0° or 90°, the value of C appears to be in the vicinity of 
0o9 to 1.0. In the remainder of this treatise Cj_ will be assumed to 
have the value 0.9. The seepage force at the bed can be evaluated for 
any seepage flow perpendicular to or parallel with the bed as long as 
the piezometric-head gradient is known. For seepage flow through sand 
which obeys Darcy's Law the piezometric head within the bed satisfies 
Laplace's equation 
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^ + ^ = 0 (32) 
ax ay 
The solution to Equation (32) and the appropriate boundary conditions 
gives the piezometric-head variation within the bed. The seepage force 
per unit volume at the surface of the bed is simply C times the piezo-
metric-head gradient at the bed which can be computed from the solution 
to Equation (32). Hence the solution to Laplace's equation provides the 
necessary information for the magnitude of the seepage force for many 
seepage flows. For seepage flows neither perpendicular to nor parallel 
with the bed the flow coefficient, C, is not known. For engineering 




EFFECT OF SEEPAGE FLOW ON 
INCIPIENT MOTION 
The effect of the permeable bed on incipient motion can only be 
ascertained by considering both the fluid-resistance force analyzed in 
Chapter III and the seepage force analyzed In Chapter IV. Incipient 
motion can be predicted by utilizing Equation (6). In this chapter an 
experimental result on the effect of flow out of a bed on incipient motion 
is discussed. Experimental results of others on the altering of the flow 
near a porous boundary undergoing fluid injection or suction are also 
discussed, 
Incipient-Motion Test with Seepage 
The U-tube described in the Appendix was the facility used for 
investigating the effect of seepage flow on incipient motion. The only 
type of test conducted was for seepage out of the bed into an oscillatory 
flow. 
The effect of seepage out of the bed on incipient motion was 
studied by subjecting an isolated portion of the bed in the U-tube to an 
upward flow of water. This was effected by means of a 4 l/2-in ID trans-
parent plastic pipe which protrudes through the center of the floor of the 
test section. The vertical pipe is 4 ft long terminating l/4 in below the 
top of the sand bed. Water was pumped through the pipe filled with the bed 
material and into the bed by means of a small pump. The vertical piezometri,:-
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head variation in the pipe was measured by means of seven piezometers, 
which are spaced on 6-in centers along the pipe, and a differential manom-
eter. A schematic drawing of the experimental setup is shown in Figure 
14, 
Incipient-motion tests with seepage out of the bed were conducted 
by pumping water upward through the bed while the U-tube was in operations 
The amplitude of oscillation in the test section was set at a value less 
than that for which incipient motion occurred with no seepage,, The piezo-
metric-head gradient at the bed was gradually increased by increasing the 
flow rate through the pump. As the gradient was increased the bed mater-
ial immediately above the end of pipe was observed for any movement by 
means of a telescope. The bed material used was the glass beads described 
in Chapter III. For the test results presented here the total amplitude 
of oscillation, 2a = 6.50 in. It was observed that, only for the verti-
cal piezometric-head gradient slightly less than that required to give a 
fluidized bed, did any motion at all occur. For that gradient a few bed 
particles would roll over and then come to rest until the horizontal water 
motion reversed in direction. The particles never did translate, even up 
to a gradient equivalent to a fluidized state of the bed material in the 
column. There was no translation of bed particles because the seepage 
force was greatly reduced once a particle rolled out of its recess. The 
particle would then roil back on the return motion and repeat the same 
sequence of events. The seepage force becomes negligible once a bed 
particle rocks only slightly out of its recess. The conclusion is that 
the seepage force for flow out of a bed does not aid incipient motion, 












Figuie 14. Schematic Diagram of Uplift Facility. o 
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apply as well for unidirectional flow as a particle only has to rock 
slightly to lose the seepage force. For flow out of a bed the seepage 
force should not be included in the incipient-motion criterion. Hence 
either Equation (9) or (10) applies. It will be shown in the following,, 
however, that seepage out of a bed can affect incipient motion by alter-
ing the flow characteristics at and adjacent to the bed. 
At the time of the testing it was thought that the same experi-
mental setup could not be used to determine the effect of flow into the 
bed on incipient motion. With the pump reversed the bed particles imme-
diately above the end of the pipe experience a downward force. In order 
to overcome this force the amplitude of oscillation in the U-tube would 
most likely have to be increased above that required for incipient motion 
with no suction. For such amplitudes the remainder of the bed would be 
in motion, with the likelihood of the formation of ripples. For this rea 
son tests were not conducted for flow into the bed. 
Incipient-Motion Criteria with Seepage 
The condition for incipient motion can now be ascertained by 
coupling the results of the analysis of the fluid-resistance force and 
of the seepage force into the incipient-motion criterion, Equation (6). 
For seepage flow out of the bed the seepage force shall not be included 
in Equation (6) inasmuch as this force can not aid incipient motion, 
Seepage out of the Bed (injection) 
For vertical seepage flow out of a bed the incipient-motion cri-
terion for laminar flow over a horizontal bed Is 
T 
0.19 (33) (y -y) d tan <X> 
in which T is the critical boundary shear stress with seepage. For 
turbulent flow the parameter based on the bottom velocity, Equation (9) 
dcs 
y/(s - 1) gd tan $ 
= 1.1 to 1.9 
depending on the intensity of turbulence within the flow. The value 1,1 
is used for flows having high intensities of turbulence whereas the value 
1.9 is used for flows having low intensities of turbulence. The value of 
the above parameter would be expected to lie between 1.1 and 1.9 for flows 
having intermediate intensities of turbulence^ 
Seepage into the Bed (Suction) 
The seepage force should be included in incipient-motion criteria 
for flow into a bed. Equation (14) and (29) are introduced into Equation 
(6) for laminar flow. For laminar flow over a horizontal bed for which 
the seepage velocity is perpendicular to the bed 
cs 
(Ts-T) + 0.9 (1 + e) Y[|^] 
y=o 
= 0.19 (34 
d tan $ 
For turbulent flow over a horizontal bed Equation (9) and (29) are intro-
duced into Equation (6), producing 
dcs 
- 1.1 to 1.9 (35) 
(s - 1) + 0.9 (1 + e)[^] 
y=o 
gd tan <X> 
For any given problem the piezometric-head variation within the bed can 
be determined from Equation (32), provided that Darcy's Law is satisfiedo 
t>9 
In the following the effect of Injection and suction on the bound-
ary-shear stress and velocity distribution is discussedc 
Change in Flow Characteristics by Seepage 
The boundary-layer characteristics are obviously altered by the 
flow out of or into a bed. The boundary shear stress is usually decreased 
by injection and increased by suction as compared to that for an impermeable 
boundary. Suction is known to enhance stability of a laminar boundary 
layer, thus delaying transition*. Only when transition is prevented is trie 
boundary shear stress with suction less than that with an impermeable wailc 
Injection is known to enhance transition of laminar boundary layers. The 
increase in boundary shear stress brought about by transition could con-
ceivably aid incipient motion for seepage out of a bed. 
Seepage out of the Bed 
There is some information available on the effect of injection on 
the boundary shear stress and velocity distribution above smooth and rough 
walls. The main impetus behind research on fluid injection has been the 
need for more knowledge on the mechanism of transpiration cooling. 
Turcotte (25) developed a theory for the laminar sublayer for fluid 
injection into an incompressible turbulent boundary layer. For small flow 
rates of seepage he found the following relationship to apply for smooth 
boundaries 
T v 
— = 1 - 13.9 -| (36) 
T u" 
in which T is the boundary shear stress with injection and v is the 
c ' ^ c 
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injection (seepage) velocity. The shear velocity, u '*, is that based 
on the boundary shear stress, x, without seepage. Equation (36) defin-
itely shows that injection reduces the boundary shear stress. Moreover 
it may be concluded that injection (seepage out of the bed) can hinder 
incipient motion if the boundary shear stress is reduced. For seepage 
flow which obeys Darcy's Law the seepage velocity at the bed 
v =K [fl (37) 
s 8y y=° 
in which K is the coefficient of permeability. For laminar flow through 
porous media Todd(26) shows that the coefficient of permeability can oe 
approximated by 
K = -
T i (38) 
K 2000 [i { 3 0 ; 
Using the fact that, at incipient motion without seepage, x = x , and 
u" = u" , Equation (36) can be rewritten with the aid of Equations (14), 
(37), and (38) 
3 
0.0159 Y d2 [|̂ 1 
^ = ! . d.Y_^o_ (39) 
c u y/(s - 1) g tan 0 
Furthermore, if y = 62.4 lb/ft3, JJ. = 2.1 (10~5) — ~ — , 0 = 25°, and 
ft 
s = 2.65 
3 x — 
— = 1 - 1.79 d r̂ —1 ; d in mm 
x o y v=o 
c J ! 
Values of x /x are tabulated in Table 10 for the conditions stated above s c 
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Table 10. Reduction of Boundary Shear Stress 






d(mm) = 0 .05 0 . 1 0 0 .15 0 .20 0 .25 0 , 3 0 
0 1.00 1.00 1.00 1.00 1.00 1.00 
0 . 2 1.00 0 .99 0 .98 0 .97 0 .96 0 .94 
0 . 4 0 .99 0 .98 0 .96 0 .94 0 . 9 1 0 . 8 8 
0 . 6 0 .99 0 .97 0 .94 0 .90 0 .87 0 . 8 2 
0 . 8 0 .98 0 .95 0 . 9 2 0 .87 0 . 8 2 0 . 7 7 
1.0 0 .98 0 .94 0 .90 0 . 8 4 0 .78 0 . 7 1 
For the assumed conditions of a hydraulically smooth boundary, Equation 
(39) should apply for d < 0.3 mm. 
The foregoing analysis shows that the boundary shear stress can be 
reduced as much as 30 per cent by seepage out of a hydraulically smooth 
bed. For small values of the permeability and/or of the vertical pie2:o-
metric-head gradient, however, seepage has little or no effect on the 
critical boundary shear stress. 
Eckert et a_l_. (27) have investigated the effect of air injecticn 
through porous rough surfaces on flow in channels. The porous materials 
they used had equivalent sand roughnesses of 0.11 mm, 0.21 mm, 0„31 mm, 
and 0.55 mm. The actual roughnesses were found to be nearly equal to 
the equivalent sand roughnesses. They determined the variation of the 
Darcy-Weisbach resistance coefficient, f , for each roughness for vari-
ous values of the ratio of the injection velocity, v , to the average 
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channel velocity, V . Values of the ratio of f , the resistance coef-
7' s s' 
ficient with seepage, to that without seepage,, f3 are tabulated in Table 
11 for the two largest surface materials. 
Table 11. Reduction of Darcy-Weisbach Resistance Coefficient 







d(mm) 0,31 0.55 
0 1.00 1.00 
0.001 0.86 0.83 
0.002 0o73 0.70 
0.003 0.61 0.60 
0.004 0.49 0.50 
0.005 0,39 0.41 
0.006 0.30 0.33 
0.007 0.22 0.27 
0.008 0.15 0.21 
0.009 0.09 0.17 
0.010 0.04 0.13 
Seepage into the Bed 
Aerodynamicists have been concerned with suction in their studies 
of boundary-layer control. Excepting the case for which suction prevents 
boundary-layer transition the boundary shear stress is increased by 
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increasing amounts of suction, that is seepage into a porous bed. Incipi-
ent motion can be aided or hindered, depending upon the relative magnitudes 
of the boundary shear stress and the vertical piezometric-head gradient 
in Equation (34) or (35). Most of the investigations on suction have 
been for flow over flat plates or over airfoils. However, there have been 
some studies on the effects of suction on flow through smooth pipes0 
Burnage (28) investigated the effect of sucking air through a por-
ous cylindrical pipe on the pressure drop along the pipe and on the velocity 
distribution. He presents results on the increase of the local skin-fric-
tion coefficient with Increasing rates of suction. Strictly speaking, 
because of the continual loss of fluid through the pipe wall, the flow 
within the pipe never fully develops. Nevertheless, the results obtained 
by Burnage for the most distant downstream station will be presented here 
in order that an idea may be attained as to the order-of-magnitude effect 
of suction on the increase in the boundary shear stress. Burnage shows 
graphically the variation of the local skin-friction coefficient with 
seepage, Cf , with increasing rates of suction. At a station 74 pipe 
diameters downstream from the entrance the following expression holds 
C v 
— ^ - 1 + 346 ^ (40) 
^r V 
f vO 
in which C, is the local skin-friction coefficient without suction, 
v is again the seepage velocity through the wall, and V is the mean 
velocity at the entrance to the tube. From Burnage's results one can 
also formulate that 
74 
C v v 
~ = 1 + 310 ~ , =^ < 2(10 ) (41) 
f Vs Vs 
in which V is the mean velocity at the measuring station, in this 
case 74 pipe diameters from the entrance to the pipe. For all tests 
conducted by Burnage the Reynolds number based on V was 40,800. From 
Equations (40) and (41) it is apparent that a ratio of seepage velocity 
to main stream velocity of 0.003 constitutes a doubling of the local 
drag coefficient,, Burnage's results should be applied only to hydraulically 
r~ ~ -3 smooth boundaries and only for v /V < 3.2 (10 ) since his tests were 
; s' o 
restricted to these conditions* 
There are meager data available on the effect of suction through 
porous rough surfaces on the boundary-layer flow characteristics,, It has 
been shown by Dutton (29) that, for increasing rates of suction, the veloc-
ity profiles become more nearly uniform and that the level of turbulence 
intensity is markedly reduced. The boundary shear stress is increased by 
suction provided that transition is not prevented. There are no general 
functional relationships, to the writer's knowledge, for local skin-
friction coefficients and velocity distributions for suction through rough 
porous surfaces, 
Summary 
In ascertaining the effect of a permeable bed on incipient motion 
of bed particles it is apparent that not only does the seepage force have 
to be considered, but also the alteration of the boundary-layer character-
istics by the flow out of or into the bed. The seepage force does not aid 
incipient motion for flow out of a bed inasmuch as it disappears once a 
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bed particle rocks. The boundary shear stress is reduced for flow out of 
a bed and increased for flow into a bed; these statements hold true pro-
vided that boundary-layer transition is not enhanced by seepage out cf 
the bed or prevented by seepage into the bed. Except when transitior is 
caused by injection, seepage flow out of a permeable bed can only hinder, 
not aid, incipient motion. Seepage flow into a permeable bed can either 
hinder or enhance incipient motion, depending upon the relative magnitude 
of the boundary shear stress and the piezometric-head gradient at the bedc 
The information presented in this chapter on the effect of seepage 
on boundary shear stress is to be used in two practical examples for 
which the seepage force is present. In the following the problems of 
seepage flow into and out of a sea bed under gravity waves and of seepage 
into canal beds are investigated as regards incipient motion. 
^6 
CHAPTER VI 
APPLICATION OF INCIPIENT-MOTION CRITERIA 
TO BED PARTICLES UNDER WATER WAVES 
Wave-induced seepage flow under an ocean floor is subject to 
theoretical analysis provided that the characteristics of the waves are 
known. It is well known that water flows into the sand bed beneath a wave 
crest and out of the bed beneath a wave trough. The question arises as to 
what effect does this seepage flow have on incipient motion at the bed. 
For known wave shapes the piezometric-head variation within the bed can 
be determined from Laplace's equation, provided that Darcy's Law is satis-
fied. The effect of the seepage out of or into the bed on the boundary-
layer characteristics will be estimated from the analysis presented in 
Chapter V. The analysis will be effected for both simple-harmonic and 
cnoidal waves. 
Piezometric-Head Variation within the Bed under Oscillatory Waves 
The pie2ometric-head variation within the sea bed must be known in 
order that the seepage force at the bed can be determined. In this analysis 
the seepage flow within the bed is assumed to obey Darcy's Law. The piezo-
metric head thus satisfies Laplace's equation, Equation (32). A boundary-
value problem then arises for the solution to 
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and the appropriate boundary conditions. The boundary conditions can 
be explained with reference to Figure 15, in which the coordinate system 
is moving with the wave train. The wave height from trough to crest is 
H, the depth of water for the undisturbed state is D, the wavelength 
is L, the horizontal coordinate is x, and the vertical coordinate is 
y. In order to solve for the piezometric-head variation within the bed 
the pressure variation on the horizontal sea bed must be known. For 
assumed types of waves the pressure variation on the bed can be obtained 
from classical irrotational flow theory. The boundary conditions for 
the problem can be stated as 
y = 0 : h(x) = h (x) ; 0 < x < L/2 
y = - oo : 3h/3y = 0 ; 0 < x < L/2 
x = 0 ; ah/3x = 0 ; -oo < y < 0 
x = L/2; dh/3x = 0 ; -oo < y < 0 
The first condition gives the imposed periodic piezometric-head varia-
tion on the bed, h (x). The second condition ensures that the vertical 
seepage velocity becomes zero at an infinite distance beneath the bed. 
The last two conditions make the vertical lines under the wave crest and 
wave trough streamlines. 
The technique of separation of variables will be applied to Laplace's 
equation. A product solution 
h(x,y) = X(x) • Y(y) 
is assumed. Upon differentiating and substituting, Laplace's equation 
becomes 
tl) = D h = D TI» = D 
Figure 15. Definitive Sketch for Wave Parameters. 
X" x Y" 
T+ T = ° > 
in which X" and Y" denote 
Equation (42) can be rewritten as 
d2X(x) . d2Y(y) .. . 
^ and ~ - , respectively, 
dx dy 
Xw yn 2 
X = Y = " ̂  








— | - \ 2Y = 0 „ (̂-3b 
dy^ 
from which solutions 
X ( x ) = a cos Xx + a s i n Xx , 
and 
Y(y) = a 3 exp (Xy) + a4 exp (-Xy) 
exist, in which a,, a9, a_, and a. are constants. The boundary CDn-
dition 
[-^1 = o 
9 x x = o 
r e q u i r e s t h a t 
| ^ [x(x)Y(y)] = [ - Xa1 s in Xx + Xa2 cos Xx] ' [Y(y) ] = 0 
or 
X ' ( 0 ) = X a 2 = 0 
fence, a 9 = 0. The boundary cond i t io 
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yields 
XL . 2mt 
T = n *> or Xn = T 
The eigenvalues of the problem are 2rm/L, 
The condition of 
lin. [|S] = 0 
_̂  L dy 
y —» -co ' 
results in a = 0. A particular solution of the type 
h(x, y) = A Q + ^ A cos (2n-n:x/L)exp(2n7ty/L) (44) 
n=l 
exists. The A's are determined from the given piezometric-head varia-
tion at the sea bed, and are the Euler coefficients for a Fourier cosine 
series. 
l r L 
A = f h (x) dx (45a) 
o L J o 
o 
2 rL 
A = f h (x) cos (2mtx/L) dx; n = 1,2,3,... (45b) 
n J_ J o 
o 
Simple-Harmonic Waves 
For waves of small amplitude, the piezometric-head variation at 
the sea bottom can be obtained from wave theory, Lamb (30), in the form 
h o ( x ) = 2 coshH(2 l tD/L)




2 cosh (2icD/L) cos (2 i tx /L) e x p ( 2 n y / L ) + D 
from the method described above. 
The stream function T() , can be obtained by integrating 
i|) = - ( — ) dy + const. 
[46) 
:47) 
Upon carrying out the integration 
^ = 2 cosh (2-rcD/X) [ s in (2nx /L) exp (2<rcy/L)] + D (48) 
These solutions, Equations (46) and (48), have been previously 
obtained for a finite strip, Putnam (31). Figure 16 is a graphical presen-
tation of the solution for the semi-infinite strip. The vertical piezo-
metric-head gradient variation at the bed 
r ^ n i it H _ ,. 
L T ~ = u o T\/T 7 c o s 2 ,n:x /L 
L 3y y = 0 cosh 2TTD/L L ' 
(49) 
Bed particles under the wave crest experience the maximum downward seep-
age force whereas ones under the wave trough experience the maximum upward 
seepage force. 
Cnoidal Waves 
For finite-amplitude waves having D/L < 0.1, the simple-harmonic 
wave profile does not adequately describe the wave shape. These finite-
amplitude, shallow-water waves are generally called cnoidal waves and are 













Figure 16. Potential Pattern in the Bed under a 
Simple-Harmonic Wave. 
approximation, the piezometric head at the sea bottom is given by the 
hydrostatic relationship, Wiegel (32) 
io(x) = yt + H en
2 [2 K(k) I , k ] (50) 
in which y is the vertical distance from the sea bottom to the wave 
trough, H is the wave amplitude from trough to crest, en is the Jaco-
bian elliptic function akin to the cosine function, and K(k) is the 
complete elliptic integral of the first kind with modulus k. Since 
herein k is a real number with a range 0 < k < 1, the en function 
2 
has a single period of 4K(k). This means that the en function has a 
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period of 2K(k). For convenience the parameter K(k) will be denoted 
by simply K. The wavelength, L, is given by 
L - [ ^ ] l / 2 k K (51) 
in which D is the depth of water for the undisturbed state. As Equa-
tion (50) is periodic and continuous everywhere, the boundary condition 
at the bed can easily be represented by a Fourier series. From Jacobi 
(33), 
°° 
en2 [2K I , k] = ± [ | + k2 - 1] + 2JL_ £ _naL c o s (2n*x/L) (52) 
k k K , 1-q 
in which E = E(k) is the complete elliptic integral of the second 
kind with modulus k and 
q = exp (-TIK'/K) (53) 
in which q is referred to as Jacobi's nome. K' = K(k') is the asso-
ciated complete elliptic integral of the first kind and k' is the com-
plementary modulus. Since q < 1, the series in Equation (52) can be 
shown to be both absolutely and uniformly convergent by use of the Weier-
strass M-test, Copson (34). 
By using Equations (50) and (52) along with Equations (45a) and 
(45b), the solution for the piezometric head in the bed is represented by 
2 °° 
h = y t + \ [ | + k
2 - 1] + % 4 j £ - £ S _ cos(2n7tx/L)exp(2nT ty/L) (34 
k k K , 1-q 
n=l M 
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Differentiating Equation (54) to obtain the vertical piezometric-head gra 
dient at the bed 
3 „ " 2 n 
[ ~ ^ ] = ~2~2L ^ — ^ cos (2nux/L) :ss 
n = l ^ 
For bed particles under the wave crest 
3 .. " 2 n 
:lL-^E I rt ™ y=o, k K . l-q 
x=o n = 1 
and, under the wave trough 
A 3 „ ^, 2 n 
r ah n 4TC H V n q / , ._ , 
•["5y] = : V L ^ ~ 2 ^ c o s ™ ( b 7 ) 
x=L/2 n _ 1 
In evaluating the infinite series in Equations (56) and (57), 
the following procedure is followed. The series in Equation (56) is 
expressed as an approximation 
^ 2 n ™ 2 n £ 0 
Ir^Zr^I-v <»> 
, l-q . l-q 
n=l M n=l M m 
in which m is an integer large enough such that 
CO CO ~ 
L n q = 2, T 3 ^ 
l-q n=m n=m M 
The value of m depends upon the magnitude of the modulus k and upon 
the degree of accuracy required in the summation. Likewise, the series in 
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Equation (57) can be expressed as 
2 n m 2 n 
) — ^ — cos mt = ) — ^ — cos n% + ) n q cos 
n=l M m 
rvjt (59 
n=l X"q 
The sum of the following infinite series further facilitated the evaluation 




n q q(l + q) 




2 n q(l - q) 
n q cos mt - - •*-» *~ 
(1 + q ) J 
Hence Equation (56) becomes 






o 2 3n yi 
V n q + q<i + q 
Ln-1 ^ 
2n 
(1 - q) 
(60 
Equation (57) becomes 








, 1-q n=l M 
2n cos rot 
. q ( l - q ) 
(1+q)3 
(61 
The infinite series in Equations (56) and (57) were evaluated by utilizing 
Equations (60) and (61). The finite series in Equations (60) and (61) 
were evaluated by using the facilities of the Rich Electronic Computer 
Center. In Table 12 are listed values of the infinite series in Equations 
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(56) and (57) times the quantity 4% /k K (these products are 
[5h/3y] /(H/L) for bed particles under the wave crest and wave 
trough, respectively). 
Table 12. Values of Jacobian Elliptic Functions 
and of Two Infinite Series 
[9h/ay]y= 
H/L 
k 2 K q Under Wave Crest 
3.71980 
Under Wave Trough 
0.500000 1.85408 0.043214 -2.63370 
0.600000 1.94957 0.057020 3.91932 -2.48618 
0.700000 2.07536 0.074690 4.18507 -2.30767 
0.800000 2.25721 0.099274 4.57419 -2.07822 
0.900000 2.57809 0.140173 5.27170 -1.74353 
0.950000 2.90834 0.179316 5.99901 -1.47477 
0.970000 3.15588 0.206880 6.54773 -1.31309 
0.990000 3.69564 0.262196 7.74837 -1.04847 
0.999000 4.84113 0.360738 10.29234 -0.72777 
0.999900 5.99159 0.438831 12.83133 -0.56118 
0.999990 7.14277 0.501134 15.35932 -0.45997 
0.999999 8.29405 0.551573 17.87953 -0.39109 
It is readily apparent from Table 12 that, for a given value of 
H/L, the bed particles beneath a cnoidal wave crest experience a larger 
seepage force than ones beneath a wave trough. This difference is caused 
by the fact that the wave crests are highly peaked whereas the wave troughs 
are quite flat. The peakedness and the flatness become more and more pro-
2 
nounced as k increases. In order to further illustrate these charac-
teristics several cnoidal wave profiles will be presented. From Wiegel (32) 
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the cnoidal wave shape 
t| = H en2 (2Kx/L) (62) 
in which t] is the vertical distance from the elevation of the wave 
trough to the free surface. The cnoidal wave shapes are shown in Figure 
2 
17 for four values of the modulus squared, k . This figure clearly 
illustrates the asymmetry of a cnoidal wave. 
The Effect of Seepage Flow on Incipient Motion 
The problem of ascertaining the degree to which seepage out of or 
into a sea bed affects incipient motion is quite complicated. Only 
directly beneath the wave crest and the wave trough is the seepage 
velocity normal to the bed. The degree to which the seepage alters the 
flow characteristics near the bed is not known. Seepage into the bed may 
prevent boundary-layer transition whereas seepage out of the bed may aug-
ment it. In the following some calculations are effected in order to 
give an order-of-magnitude effect of seepage on incipient motion under 
oscillatory waves. 
Simple-Harmonic Waves 
Order-of-magnitude effects of seepage flow on incipient motion 
will be determined by considering only those bed particles under the wave 
trough and the wave crest. At these two locations the seepage flow is 
perpendicular to the bed and the horizontal velocity of the water out-
side the boundary layer is a maximum. Incipient motion would be expected 
to occur at these locations. 
Bed Particles Beneath Wave Trough. Provided that boundary-layer 
1.0 
0.50 
Figure 17. Various Cnoidal Wave Profiles. co 
CO 
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transition is not caused by injection, seepage out of the bed can only 
hinder incipient motion. The seepage force can not aid incipient motion 
and, therefore, is not included in the incipient-motion criterion. The 
degree to which flow out of the bed beneath a wave trough hinders incip-
ient motion depends upon the degree to which the flow characteristics at 
the bed are altered. The effect of seepage on incipient motion is ascer-
tained by comparing the flow characteristics at the bed with seepage with 
those for which there is no seepage. The physical case of no seepage could 
be visualized as several sand layers resting on an impermeable bed. 
For bed particles immersed in a laminar boundary layer the redac-
tion in the boundary shear stress by seepage is determined by using tie 
results of Table 10. In order that the ratio T /T can be determined, 
s' c 
realistic values of the vertical piezometric-head gradient at the bed, 
[6h/3y] _ , must be known. The maximum value of [3h/8y] _ for which 
the bed is not in motion is limited by the condition of incipient motion. 
Realistic possible values of [3h/3y] _ are estimated from computed val-
ues of the wave parameters corresponding to incipient motion without 
seepage. This procedure is used because values of [3h/3y] _ at incip-
ient motion are not known, and can only be estimated. As found by 
Manohar (7) and by the writer, incipient motion occurs in a laminar 
boundary layer for bed particles having a specific gravity of approxi-
mately 2.5 and having a mean diameter less than about 0.3 mm. For 
incipient motion of bed particles immersed in a laminar boundary layer, 
Equation (14) can be expressed in terms of wave parameters as 
H
c sfc S 
^W (Y -Y) d t a n <i> s i n h 2TID/L 
= 0.024 (63) 
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The wave celerity of a simple-harmonic wave 
= T = V ^ t a n h 2%D^L 
(64) 
Introducing the wave period, T, into Equation (63) 




Assuming s = 2.60 (quartz sand in sea water) and $ = 25° (sands less 
than 0.3 mm) 
_£ 0.115 d cosh 2itD/L 
L = fir 
-5 2 
For v = (10 ) ft /sec, D/L = 0.10, and for several realistic values 
of the wave period T, computed values of H /L are listed in Table 
13. 
Table 13. Values of H /L at Incipient Motion 




d(mm) = 0 . 1 0 . 2 0 . 3 
6 0.019 0.038 0.0*7 
8 0.015 0.030 0.045 
10 0.015 0.029 0.042 
12 0.012 0.025 0.038 
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The maximum value of H /L for incipient motion without seepage is 0.057, 
The corresponding maximum vertical piezometric-head gradient, which would 
occur for a permeable bed under the same wave, is computed from Equation 
(49) 
r 3h -, = r_3h -J = r_3h -, = i t H / , , X 
L 3y J L 3y ' L 3y \ cosh 2KD/L L V ' 
y=o, 7 y=o, 7 o ' 
x=o x=L/2 
For bed particles immersed in a laminar boundary layer the corresponding 
maximum value of [9h/3y] is, from H /L = 0.057 and Equation (66), 0.14, 
According to Table 10, the maximum decrease in the boundary shear stress 
for [3 h/3y] = 0.14 is 4 per cent, that is T /T = 0.96. This analysis 
shows that the effect of seepage on incipient motion is not significant 
for a laminar boundary layer. 
For bed particles immersed in a turbulent boundary layer at 
incipient motion, a similar analysis can be effected. In this case the 
effect of the seepage on the alteration of the flow characteristics above 
the bed is determined by using the results given in Table 11 for the 
reduction of the Darcy-Weisbach resistance coefficient for flow out of 
a rough surface. In order that the ratio f /f can be determined, the 
velocity ratio v /v must be known. The mean channel velocity, V , 
will be equated to U , the velocity outside the boundary layer without 
seepage, in order that some order-of-magnitude calculations may be made, 
The seepage velocity, v , depends on the permeability, K , and the 
vertical piezometric-head gradient, [3h/9y"| . Realistic values of 
[3h/3y] must be known in order that values of f /f can be determined 
from Table 11. The ratio f /f will be determined by entering Table 11 
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with the ratio v /U , in which U is the critical maximum velocity 
s' mc' mc ' 
outside the boundary layer. Outside the boundary layer the bottom velocity 
is obtained from irrotational flow theory, Lamb (30), to be 
U = T ^ i n h 2*D/L C O S 27CX/L ( 6 7 ) 
in which T is the wave period. Considering only those bed particles 
beneath the wave crest and wave trough 
'ulx=o = Wx=L/2 = Um = T sinh 2 ^ (68) 
Realistic values of H /L for which there is no seepage, and correspond-
ing values of [3h/9y] based on this H /L, are computed for various 
o c 
ratios of D/L and for particular bed-particle characteristics. The 
criterion for incipient motion developed in Chapter III for oscillatory 
flow for which there was no seepage 
-&• = 1.9 
/(s-1) Qd tan <D 
It was found that, in analyzing Manohar's incipient-motion results 
for the oscillating plate, the velocity u, was nearly always 0.6 times 




yTs-l) gd tan 
In terms of wave parameters 
= 3.2 (69) 
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T sinh 2TCD/L y ( s - l ) gd tan 
= 1.0 (70) 
Utilizing the wave period T from Equation (64) 
H /L = 2.5 y [ d / D ) ( s - l ) t an <D / f a / L ) t a n 2jt D7L cosh 2TC D/L (71) 
for <D = 35° and s = 2.60 
H /L = 2.7 v/d7D" V/TD/L) tanh 2it D / T cosh 2* D/L 
Tabulated below are values of H /L for various values of D/d and D/L 
Table 14. Values of H /L at Incipient Motion 





D/L D/d = 100 1000 10000 
0.04 0.028 0.008 0.003 
0.06 0.042 0.013 0.004 
0.08 0.058 0.018 0.006 
0.10 0.076 0.024 0.008 
The maximum value of H /L is 0.076. For seepage under the 
c 
same wave, the corresponding maximum value of [9h/3y] is 0.20. Now 
that maximum realistic values of [ah/ay] are known, the ratio f /f 
can be determined from Table 11 by utilizing v /U . Using Equations 
(37), (38), and (69) 
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v Td
3 / 2 [ah/ay] 
~ - = 1.5(10 4) ° (72) 
mc p. >/(s-l) g tan $ 
If, for example, y = 62.4 lb/ft3, s = 2.60, \i = 2.1(10-5) lb"S^C , 
f t 2 
and <D = 35° 
- ^ - = 0.0143 d 3 / / 2 r - ^ 1 ] ; d in mm U L 8y Jo 
mc 7 
For a maximum value of [9 h/Q y] of 0 .2 
o 
Vs 3/2 
r p - = 0.00286 d ' ; d in mm 
mc 
For d = 0.31 mm, v /U = 0.0005, and, from Table 11 , f / f = 0 . 9 . ' s' mc ' ' ' s' 
For d = 0.55 mm, v /U = 0.0012, and f / f = 0 . 8 . The r a t i o v /lJ 
7 s' mc ' s' s' mc 
increases with increasing sand size and, consequently, f /f decreases. 
The boundary shear stress with seepage, T , continually decreases, all 
other quantities held constant, as the sand size is increased. Seepage 
out of the wave trough apparently has more of an effect on incipient 
motion with a turbulent boundary layer than with a laminar boundary 
layer. 
The effect on seepage on incipient motion of bed particles beneath 
the wave trough depends on the permeability of the sand or, in other 
words, the size of the sand grains. For sand grains for which incipient 
motion occurs in a laminar boundary layer (d Z 0.3 mm), the effect of 
seepage is probably insignificant. For sand grains for which incipient 
motion occurs in a turbulent boundary layer (d > 0.3 mm) the effect of 
seepage may be significant. The hindrance of the seepage flow under the 
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wave trough on incipient motion becomes more and more pronounced for 
larger and larger bed particles. 
Bed Particles Beneath Wave Crest. Seepage into the bed may aid 
or hinder incipient motion, depending on the relative magnitude of the 
boundary shear stress, T , and the vertical piezometric-head gradients 
[8h/Sy] . The seepage force must be included in any incipient-motion 
"o 
criterion. 
For incipient motion of bed particles immersed in a laminar bound-
ary layer with seepage, Equation (34) applies for bed particles beneath 
the wave crest 
cs 
irs-r) + 0.9 (i+e) r[9n/9y!0 
= 0.1' 
d t an 0> 
For no seepage 
(y -y) d tan $ = 0.19 
In comparing the case of seepage to the case of no seepage the ratio 
T /T is meaningful for the same bed particles. The ratio 
cs' c 3 K 
cs " 1+°-'£#[-$] (s-i) L ay J0 (73) 
A realistic value of (l+e)/(s-l) is unity. If the maximum possible 
value of [9 h/3y] = 0.14 is used 
cs 1.13 
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This calculation means that, if T / T < 1.13, seepage may hinder incip-
ient motion.. If T /T > 1.13 seepage aids incipient motion for all con-
ditions listed in Table 13. For any given wave the quantity T is not 
easily found. The value of T would have to come from a solution to 
the Navier-Stokes equations with seepage included. Hunt (36) obtained a 
solution for the flow within the bed under small-amplitude water waves by 
satisfying all the viscous boundary conditions. His interest was the 
damping effect of the bed, not the boundary-shear variation. The tech-
nique utilized by Hunt could conceivably be applied to the determination 
of T . At the present the boundary shear stress variation with seepage 
is not known. 
For bed particles immersed in a turbulent boundary layer Equation 
(35) would apply. Inasmuch as no data are available on the effect of suc-
tion on an oscillatory turbulent boundary layer, even order-of-magnitude 
effects of seepage on incipient motion are difficult to determine. How-
ever, for extremely large amounts of suction -- which correspond in this 
instance to large values of the permeability as [3h/9y] at incipient 
motion is limited in magnitude -- the boundary layer is negligibly thin. 
This condition will exist for large diameter sand grains as the permea-
bility K °( d . For negligibly thin boundary layers u , = U 
incipient motion with seepage, Equation (35) may be written 
mcs 
At 
U m C S =1.9 (74) 
>y [(s-1) + 0.9 U+e) [f^lj 9d tan 0 
At incipient motion without seepage, Equation (69) applies,, Combining 
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- 0.6 JT+ 0.9 { i± f } [ -g]o (75) 
If the maximum value of [dh/9yl of 0020 is used, and if (l+e)/(s-l) = 1, 
U 
j f ^ = 0,65 
mc 
According to this analysis the maximum bottom velocity outside the bound-
ary layer with seepage need be only 0,65 times that without seepage to 
move the same bed particles. 
These approximate analyses have shown that seepage into the bed 
under a wave crest may either enhance or delay incipient motion of bed 
particles. For very small sand particles, for which the suction velocity 
is small, the seepage force likely hinders incipient motion. On the other 
hand, for extremely large sand particles for which the suction velocity 
is sizeable, incipient motion is most probably enhanced, as the boundary 
shear stress is greatly increased by the seepage. 
Cnoidal Waves 
It would be expected that seepage flow induced by cnoidal waves 
would have, because of their asymmetric shape, a greater effect on incip-
ient motion than simple-harmonic waves. The vertical piezometric-head 
gradient at the bed is greater under the sharp wave crests than under 
the flat wave troughs* For finite-amplitude, shallow-water waves the 
vertical piezometric-head gradient at the bed deviates considerably from 
that produced by a simple-harmonic wave0 The piezometric-head gradient 
is considerably larger under the wave crest, and considerably smaller 
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under the wave trough, for a cnoidal wave than for a simple-harmonic wave, 
For sand sizes in the realistic range, however, incipient motion occurs 
long before waves reach finite-amplitude size. The cnoidal waves for 
which incipient motion occurs are normally of small amplitude and are 
quite similar in shape to simple-harmonic waves,, 
Calculations may be performed which show that, for incipient 
motion of sands of realistic size, the wave characteristics of the cr.oidal 
wave and simple-harmonic wave are nearly identical. Small amplitude 
cnoidal waves correspond to small values of the elliptic modulus, k, 
Equation (51) 
H = ±f kV £ 
2 
It can be shown that, for shallow-water waves, as k -*- 0, values of 
the properties of the cnoidal wave approach those of the simple-harmonic 
ave. For example, the maximum bottom velocity under a cnoidal wave, 




m - ^l h-rH-




From Laitone (38), the following expansion holds for small values of k 
£ " l - i k 2 - - H 4 (77) 
K 1 2 k 16 k ° ° a U /} 
Therefore, in the limit 




For a simple-harmonic wave of small amplitude in shallow water the wave 
celerity c = vyD . As the ratio D/L approaches zero, the bottom 
velocity for a simple-harmonic wave, Equation (68), becomes 





 = 27mTt = 2D = 2 x/9° D 
Thus it is proven that, for small amplitude waves in shallow water, 
cnoidal theory and simple-harmonic theory give essentially the same 
results. 
Inasmuch as the analysis here is nearly qualitative in nature 
and since the cnoidal wave and simple-harmonic wave are nearly identical 
for the conditions considered here, no calculations are presented for the 
effect of seepage on incipient motion of bed particles under cnoidal waves. 
Summary 
The effect of the seepage force on the sea bed on incipient motion 
of the top layer of bed particles has been demonstrated. The seepage flow 
out of the bed under a wave trough can aid incipient motion if and only 
if boundary layer transition occurs. Except for the case of transiticn 
of the boundary layer the seepage out of the bed under a wave trough 
delays incipient motion oir those bed particles inasmuch as the boundary 
shear stress is reduced by injection. For a laminar boundary layer the 
boundary shear stress would not be expected to be decreased much more than 
4 per cent by seepage out of the bed. For a turbulent boundary layer the 
Darcy-Weisbach resistance coefficient could be expected to be reduced more 
than 20 per cent by seepage out of the bed. For large sand grains and 
hence greater permeabilities the reduction in boundary shear stress may 
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be more than 20 per cent. The seepage flow into the sea bed under a wave 
crest may aid or hinder incipient motion, depending upon the relative 
magnitude of the boundary shear stress and the vertical piezometric-head 
gradient at the bed. For a laminar boundary layer the boundary shear 
stress under the wave crest has to be increased more than 13 per cent by 
seepage in order to aid incipient motion. For a turbulent boundary layer 
the increase in boundary shear stress by the suction of the water into 
the bed is probably great enough to aid incipient motion, especially for 
large sand grains. 
For large sand grains seepage out of the bed hinders, whereas 
seepage into the bed aids, incipient motion. The reason for this fact 
is that the piezometric-head gradient is independent of the permeability 
of the sand whereas the boundary shear stress is considerably influenced 
by the permeability of the sand. For very small sand grains for which the 
permeability and hence the seepage velocity is quite small, seepage out 
of the bed has no effect on incipient motion and seepage into the bed 
hinders incipient motion only to a slight degree* 
In reality, the permeable bed under water waves most likely has 
no discernible effect on incipient motion since the boundary shear 
stress and the piezometric-head gradient both depend on the same quantity, 
the wave amplitude, H. In the following chapter an example of seepage 
into a bed for which the boundary shear stress and piezometric-head gra-
dient depend on independent quantities is investigated. 
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CHAPTER VII 
APPLICATION OF INCIPIENT-MOTION CRITERIA TO BED 
PARTICLES ON A CANAL BED 
The seepage of water through stream beds or irrigation canal beds 
is another example for which the seepage force may affect incipient sedi-
ment motion. It is well known that, after flood waters subside, stream 
banks may slough off due to the high ground-water level, thereby decreas-
ing the stability of the banks. The problem to be considered here is not 
one of slope instability of a mass of bed material but one of incipient 
motion of the uppermost layer of bed particles; namely, those on the 
bottom of a stream bed or irrigation canal bed. Obviously the elevation 
of the ground-water table with respect to the free surface in the stream 
or canal is quite important as to the magnitude and direction of the 
seepage force at the bed* The seepage flow may, of course, be out of or 
into the bed. The permeability of the bed is quite important as regards 
the effect of the seepage on the boundary shear stress. 
In the following the piezometric-head gradient at the bed is 
given for seepage flow out of a trapezoidal and out of an infinitely 
wide canal. The effect of the seepage force on incipient motion is dis-
cussed for those two canal shapes,, 
Piezometric-Head Gradient for Seepage Flow 
out of Canals 
The magnitude of the vertical piezometric-head gradient along the 
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bottom of any canal bed depends upon the geometry of the canal and upon the 
difference in elevation of the free surface of the water in the canal and 
the ground-water table. The geometric shapes to be considered here are a 
trapezoidal canal and an infinitely wide canal. The elevation of the 
ground-water table is assumed to be an infinite distance, at least mathe-
matically, below the canal, 
Trapezoidal Canal 
The boundary-value problem for seepage from a trapezoidal canal 
to the ground-water table level at infinity has been solved by Wedernikov 
(39). His main interest was the gross quantity of flow rather than the 
point-by-point variation in seepage velocity, or piezometric-head gra-
dient. However he did present values of the piezometric-head gradient 
at the bed for one trapezoidal canal. The variation of the piezometric-
head gradient is shown in Figure 18 for the trapezoidal canal for which 
Wedernikov gives a solution. 
3/D = 5.17 
rdJ2_i = 1 . 3 5 
L3y' V=y=o 
[-§£_] = 0.707 
y' =0 
Figure 18. Variation of Piezometric-Head Gradient 
on Trapezoidal Canal Bed and Banks. 
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The vertical piezometrlc-head gradient is 1.35 at the center of the 
bottom of the canal bed. For canals wider than B/D = 5.17 the vertical 
piezometric-head gradient at the center of the bed is less than 1.35. 
Infinitely Wide Canal 
For any canal that can be considered infinitely wide the piezometric-
head gradient at the bed approaches unity0 
The Effect of Seepage Flow on Incipient Motion 
The seepage force on the bed particles for the two canals investi-
gated is quite large compared to that on bed particles beneath a wave, 
The seepage force and the flow quantities are independent for the canals; 
whereas the seepage force and the flow quantities for the waves depend 
upon the same quantity, the wave amplitude. It would be expected then, 
that a permeable bed would play more of a role on incipient motion of 
bed particles lying on a canal bed than for the same particles resting on 
a sea bed. The seepage force per unit volume depends only on the piezo-
metric-head gradient for a given fluid, and Is independent of the per-
meability of the bed material. On the other hand, however, the boundary 
shear stress is very dependent on the permeability of the bed material. 
The permeability of the bed material, and hence for a given fluid the 
grain size of the bed material, is a very important variable as regards 
the effect of a permeable bed on incipient motion. 
For very fine bed materials incipient motion occurs for the bed 
particles immersed in a laminar sublayer,, If there were no seepage, 
Equation (14) applies 
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(YS-Y)
 d tan = 0.19 
For the case of incipient motion for which there is seepage, Equation 
(34) is applicable 
cs 
[(Y -Y) + 0.9 (1 + e) Y[|^] L s ' ' 9y y=o 
d tan 
0.19 
The ratio of the two boundary shear stresses 
- = 1 + 0.9 J M H 4 [#^] 
(s - 1) La y
 J
y = 0 
(78) 
A realistic value of the ratio (l + e)/(s - 1) is unity. Hence Equa 
tion (78) reduces to 




For those bed particles at the centerline of the trapezoidal canal 
investigated herein, T /T must be 2.2 or greater for incipient moti on 
with seepage to occur. For the infinitely wide canal, T /T 1.9. In 
order that incipient motion occurs with seepage the boundary shear stress 
has to be roughly twice that for incipient motion without seepage. For 
extremely small bed particles the seepage velocity, v , is negligible. 
In this case the boundary shear stress is essentially independent of seep-
age. Equation (41) will be used in order to determine roughly what size 
bed particles are necessary to have a considerable retarding effect on 
incipient motion. Equation (41) is 
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- 1+310 — 
C, V 
f s 
The seepage velocity is, from Equations (37) and (38) 
v 
y d 2 r 3 h 
s 2000 p, L 9 y J y = 0 
[ ~ ] (<'9) 
The mean velocity, V , in the canal will be computed on the basis of 
a formula given by Keulegan (40) for smooth channels 
x. 
4r = 3.3 + 5.75 login (80) 
u IU v 
Although Keulegan developed Equation (80) for an impervious boundary it 
will be utilized here for the case of small seepage flow rates. For small 
bed particles the velocity distribution in the canal would not be expected 
to be altered by seepage. At the condition of incipient motion Equation 
(80) becomes 
_ u Y 
V = u* [3.3 + 5.75 login — — 1 (81) 
cs cs L 310 v J 
in which u is the critical shear velocity with seepage. Upon intro-
ducing Equations (79) and (81) into Equation (41) 
C, 0.155 yd2 [ | £ ] ^ L s = 1 ^ ^ 
C f „ u * y 
LL u" T3 .3 + 5 .75 l o g n n - ^ -
£ 1 r cs L ^10 v J 
Using the incipient-motion condition for bed particles in a laminar sub-
layer, Equation (34), along with the fact that un = J^z /p 
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fs 1 + — 
0.355 y d 2 [|*] 
/ 
;s-l) +0.9 (1 + e) [§£] 
U Y y=o -I 
gd tanO 
u** y " 
3.3 + 5.75 l o g n n — — 
The characteristics of the bed material are assumed to be as follows 
s = 2.65, e = 0.6, and $ = 25°. For the water: y = 62.4 lb/ft3, 




4 6 . 8 d 3 / 2 [ | ^ ] 
= 1 + 
3y « y y=o 
y / l .65 + 1.44 [ 9_jv 
5y- y=o 
3.3 + 5.75 log 
u* y * 
c s ' o 
10 
; d in mm 
For the t r a p e z o i d a l cana l , for which [3h/9y] _ = 1.35 
-P- = 1 + 33.2 d 
3 / 2 
1.7 + 5.75 log 
10 
y/gd y, 
; d in mm 
For the i n f i n i t e l y wide cana l , for which [9h/8y] _ = 1 
' fs 
1 + — 
26. 6d 
3 / 2 
1.7 + 5.75 log 10 
yid y. 
; d in mm 
Lis ted in Table 15 are values of Cr /Cr for the i n f i n i t e l y wide canal 
fs f 
and. for realistic values of d and the parameter ^gd y /v. For small 
bed particles the seepage velocity does not measurably increase the skin-
friction coefficient. It may be concluded that, for small bed particles 
(say d < 0.2 m m ) , the seepage force plays a significant role in inhibiting 
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Table 15. Values of Cr /Cr at Incipient Motion of 




V d(mm) = 0 .01 0 . 0 5 0 .10 0 .20 0 .30 
1 0 3 1.001 1.02 1.04 1.13 1.23 
i o 4 1.001 1.01 1.03 1.10 1.18 
1 0 5 1.001 1.01 1.03 1.08 1.14 
incipient motion. This statement is true provided that of course, the 
ground-water table is significantly below the free surface in the canal. 
The seepage force is of the same order of magnitude and, for bed parti :les 
of realistic density and packing,is nearly equal to the effective weight 
force of the bed particles. For vertical piezometric-head gradients at 
the bed of unity the seepage force may be considered to essentially double 
the effective weight force. 
The seepage force per unit volume of bed material and water is 
independent of the permeability of the bed material. But, for a given 
piezometric-head gradient, the boundary shear stress increases as the 
permeability of the bed material increases. The permeability varies as 
2 
the bed particle diameter squared, K o( d . As the bed particle size 
increases more and more above the small sizes considered above, the inhibit-
ing effect of a permeable bed on incipient motion becomes less and less. 
There is most probably a bed particle diameter above which the permeable 
bed enhances incipient motion. 
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For large bed particles and the corresponding high seepage flow 
rates the velocity distribution in the canal can be considered to be 
nearly uniform. The turbulence level in the canal has been markedly 
reduced by suction. The incipient-motion condition in this case is Equa-
tion (35) 
dcs = K 9 
v/ [ ( s - 1) + 0.9 (1 + e) [|^] ] gd tan <D 
in which u. is the critical bottom velocity. For a nearly uniform 
dcs 7 7 
velocity distribution u , = V , the mean canal velocity. In the same 1 ds sJ } 
canal without seepage, the turbulence level would likely be much higher 
and the incipient-motion condition should be 
d c = i . i 
y/(s - 1) gd tan 
From Rouse (41), the mean velocity for two-dimensional flow 
— y 
-- = 0.71 + 0.68 log1A — (82) 
u , 10 d 
d 
For the corresponding conditions of incipient motion with seepage and with-
out seepage 
v 1.72^1 +o.9 jf-r-H l?h 
V Yo -, 
c [0.71 + 0.68 log10 -j ] 
For (s - l)/(l + e) = 1 
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Vcs 2.55 
Vc [0.71 + 0.68 log1Q -j ] 
for the trapezoidal canal and 
V cs 2 . 3 7 
v y 
c [0.71 + 0.68 log 1 0 ~ ] 
for the infinitely wide canal. Values of V /V are tabulated below 1 cs' c 
for the infinitely wide canal for various realistic values of y /d. 
o' 
Table 16. Values of V /v at Incipient Motion 
cs' c K 
for Large Bed Particles in an Infinitely Wide Canal 
y v 




It is evident from Table 16 that, in terms of ths mean velocity in the 
canal, there is a condition for which the seepage into the bed aids incip-
ient motion. That is, for V /v < 1, the increase in the motivating 
c s c 
force (drag force) on the bed particles overbalances the increase in the 
resisting force (caused by seepage force) on the same particles. Although 
the preceding analysis is admittedly crude it is believed that there is in 




For the ground-water table considerably below the free surface 
in a canal the seepage force on bed particles is roughly equal in 
magnitude to the effective weight force on those particles. For very 
small bed particles (d < 0.2 mm) the seepage force plays a decided 
role in inhibiting incipient motion. For quite large bed particles 
the seepage into the bed may even aid incipient motion since the bound-




From this investigation the following statements and conclusions 
are considered pertinent: 
1. For laminar flow over an impermeable bed, incipient motion 
occurs if 
T - - 1 
, - T7':0 5 > o.i9 
(y -y) o "tan * 
This criterion is valid for both unidirectional and oscillatory flows, 
2. For a turbulent boundary layer any incipient-motion criterion 
should contain some knowledge about the nature and intensity of the 
turbulent fluctuations in the vicinity of the bed. For R > 18 the 
7 c 
incipient-motion criterion u, / /(s-l) gd tan $ is essentially a con-
stant, having the value 1.1 for flows having high intensities of turbu-
lence and 1.9 for flows having low intensities of turbulence* For oscil-
latory flow over bed particles for which d > 0.8 mm, 
U 
= 3.2. 
y(s - 1) gd tan $ 
3. Shields' parameter, i /iy T)d, varies widely from investi-
gator to investigator. 
4. The seepage force on the uppermost layer of bed particles is 
a constant times the seepage force on bed particles several layers beneath 
112 
the top layer. This constant is called a flow coefficient, C, and 
depends on the shape and packing of the bed particles. The flow coeffi-
cient for flow perpendicular to the bed, C,_ , is independent of the 
direction of the flow provided that Darcy's Law is satisfied. The 
value of Cj_ is 0.7 for spherical glass beads and between 0.9 and 0„95 
for uniform, well-rounded sand. For any given seepage flow perpendicular 
to the bed the seepage force at the bed may be determined by using the 
value of C x and the value of the piezometric-head gradient at the bed, 
which is determined from the solution to Laplace's equation. For seepage 
flow parallel to the bed the flow coefficient, CM, is 0.97. 
5. Experiment shows that, for flow out of a bed, the seepage 
force does not aid incipient motion. 
6. Seepage flow out of or into a permeable bed can have a con-
siderable influence on the flow characteristics above the bed. Seepage 
out of a bed may enhance boundary-layer transition whereas seepage into 
a bed may delay transition. 
7. Except for the cases for which transition is enhanced or 
delayed, seepage decreases the boundary shear stress for flow out of the 
bed and increases it for flow into the bed. The change in the boundary 
shear stress brought about by seepage surely has to be considered in 
formulating any incipient-motion criterion. 
8. Except for the case of boundary-layer transition being enhanced, 
seepage flow out of a bed can only hinder or delay incipient motion 
inasmuch as the boundary shear stress is reduced by the seepage and the 
seepage force can not aid incipient motion (conclusion 5). 
9. Seepage flow into a porous bed can either hinder or aid incipient 
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motion,depending upon the relative magnitudes of the boundary shear 
stress and the seepage force. 
10. For the application of the incipient-motion criteria to 
the case of seepage in the ocean bed caused by water waves, the follow-
ing is inferred: 
a. For small bed particles, the effect of seepage on 
incipient motion is essentially negligible. 
b. For fairly large bed particles the seepage flow out of 
the bed under a wave trough can reduce the boundary shear stress 
upwards of 20 per cent. This reduction delays incipient motion. 
For large bed particles under the wave crest, the seepage flow 
may or may not hinder incipient motion. 
c. The overall effect of seepage on incipient motion of bed 
particles under water waves is probably minor as both the moti-
vating force (the boundary shear) and the force aiding resistance 
(the seepage force) vary with the same parameter, the wave ampli-
tude, H. 
11. For the application of the incipient-motion criteria to the 
case of seepage into a canal bed, the following is concluded (slope stabil-
ity as a mass is excluded): 
a. For rather small bed particles (d < 0.2 mm) the seepage 
force plays a significant role in inhibiting incipient motion 
whenever the ground-water table is significantly below the free 
surface in the canal. 
b. For bed particles having diameters larger than 0.2 mm the 
inhibiting effect of seepage on incipient motion becomes less and less» 
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c. For very large bed particles the seepage through the bed 
may even aid incipient motion inasmuch as the boundary shear 




From the experience obtained in performing this investigation, 
the writer suggests that any future investigator consider the following 
recommendations: 
1. Conduct incipient-motion studies for an impermeable bed for 
varying degrees of intensities of turbulence. In conducting such studies 
the investigator should, if physically possible, measure the angle of 
repose of the bed material ijn situ. The intensity of turbulence should 
be varied systematically such that its effect on incipient motion could be 
delineated. 
2. Investigate further the magnitude and variation of the flow 
coefficient. The value of the flow coefficient should be determined for 
nonuniform bed particles. The tests should be conducted using containers 
of various sizes in order that the scale effect could be ascertained. 
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; APPENDIX i ; 
DESCRIPTION OF AND CALIBRATION 
OF U-TUBE FACILITY 
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NOMENCLATURE 
Symbol Quantity Dimensions 
(F, L, T) 
a amplitude of displacement of water 
in test section of U-tube L 
A cross-sectional area of the vertical 
legs of the U-tube L 
r 
• • ' 2 
A ,A cross-sectional areas of streamtube L 
a7 c 
A ,A Euler coefficients of Fourier cosine series L 
o' n 
B Euler coefficients of Fourier sine series L 
n 
c damping coefficient for U-tube FTL 
C ,C arbitrary constants L 
k equivalent spring constant FL 
t length of contracted area of streamtube L 
2 -1 
M effective mass of water in U-tube FT L 
n integer none 
-2 
p air pressure on free surface in U-tube FL 
-2 
p maximum air pressure on free surface in U-tube FL 
r radius of lower cylindrical insert in U-tube L 
o 7 
s displacement of water in test section of 
U-tube prior to separation L 
t time T 
t time elapsed until initiation of separation T 
T period of oscillation in U-tube T 
u velocity of water in test section of U-tube LT 
V velocity of fluid in streamtube LT 
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x horizontal coordinate L 
z displacement of free surface in U-tube L 
z velocity of free surface in U-tube LT 
-2 
z" acceleration of free surface in U-tube LT 
-3 
Y specific weight of water FL 
6 logarithmic decrement for damping in U-tube none 
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CHAPTER I 
DESCRIPTION OF EQUIPMENT 
In order to study scour on the sea bed resulting from wave action, 
the decision was made to model only the mass of the water adjacent to the 
bed. The water motion at a fixed point close to the bed under a first-
order Stokian wave is simple harmonic and is parallel to the bed. A large 
U-tube with forced oscillation of the water was designed In order to model 
the water motion under a wave. 
U-Tube 
The description of this large U-tube is facilitated by referring 
to Figure 1. The vertical legs of the U-tube are in two rectangular steel 
tanks (A) at the ends of the horizontal leg which is the test section 'B). 
Forced oscillation of the water mass is achieved by blowing air into the 
West vertical leg as the water surface is falling and then exhausting this 
air as the water surface is rising. 
The vertical legs of the U-tube are formed within the rectangular 
steel tanks which are 3 ft by 4 ft in cross section, by streamlined in-
serts (C). The water passage in each vertical leg is 1 ft by 4- ft in 
cross section inasmuch as the water surface is never allowed to fall to 
the curved section of the upper insert (C). In all tests the equilibrium 
water level was established 4-8-1/2 in above the top c f the test section (B) . 
The horizontal leg of the U-tube is the test section which is 1 ft 
(vertical) by 4 ft (horizontal) in cross section and which is 10 ft long. 
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The central portion of the floor is depressed in order to form a container 
for the erodible bed material. The erodible bed (D) is 6 ft long by 4- ft 
wide by J+ in deep. The walls of the test section are fabricated of l/2-
in clear plastic and are framed on the exterior with steel angles and chan-
nels. The test section rests upon three prefabricated steel trusses which 
span from steel tank (A) to steel tank. A 3-ft square flush-mounted door 
is located in the center of the roof in order to be able to place the bed 
material and models. Three stopcocks are located in this door such that 
a 5/l6—in diameter rod can be inserted vertically downward into the test 
section while the equipment is operating. The stopcocks are placed on a 
line midway between the vertical legs and are located 16-1/8 in, 31-5/8 
in, and 39-7/8 in from the South wall of the test section. These open-
ings are hereafter referred to as parts A, B, and C, respectively. 
The water in the U-tube is made to oscillate at the resonant fre-
quency. The output of a centrifugal blower is discharged continuously 
into the air space above the water surface of the West vertical leg. A 
seven-in diameter, pneumatically powered, exhaust valve (E) in the top of 
West vertical leg is opened upon receipt of the signal that the minimum 
water level in this leg is attained. 
The feedback mechanism by which the exhaust valve is sequence-opera-
ted at the resonant frequency is as follows. The float (F) in the East 
vertical leg is attached by a light flexible cable to a steel rod(G) 
which moves vertically past the direction-sensing switch (H). The direc-
tion-sensing switch (H) is a lever-operated microswitch. A permanent 

















0 1 2 
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Figure 1 Side Elevation and Cross Section of U-Tube. 
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with the steel rod (G) which, in turn, follows the motion of the float (F). 
Whenever the steel rod (G) is rising the switch (H) is closed and whenever 
the steel rod (G) is falling the switch (H) is open. When the steel rod 
(G) changes direction and starts to rise, a circuit is closed which, in 
turn, actuates a single-cycle timer. This timer makes one revolution in 
2 seconds and then stops. A second microswitch is contained within the 
timer. By means of an adjustable cam this second microswitch can be made 
to open or close at any time within the two-second interval. A solenoid 
valve which operates the pneumatic piston on the exhaust valve is in the 
circuit with the timer microswitch. The timer microswitch is set such 
that the exhaust valve opens when the timer starts and such that the ex-
haust valve remains open for a half period. The feedback mechanism de-
scribed above insures that the water is oscillated at resonant frequency 
with the result that the frequency of oscillation can not be controlled. 
On the other hand, the amplitude of the oscillation can be con-
trolled by means of a bleed-off valve in the air duct leading from the 
centrifugal blower to the West vertical leg. A dial gage is attached to 
the bleed-off valve in order that the valve position and hence amplitude 
of oscillation can be readily established. For the determination of am-
plitude a scale is fixed parallel to the steel rod (G). A pointer on the 
steel rod passes over the face of the fixed scale. 
The photograph, Figure 2, shows the South wall of test section. 
The amplitude scale is clearly shown on the East or nearer tank. 
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Figure 2. Photograph of U-Tube 
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CHAPTER II 
CALIBRATION OF EQUIPMENT 
The equipment calibration tests were in two categories as follows: 
(1) determination of the characteristics of the apparatus as a whole and 
(2) determination of the flow characteristics within the test sectior. 
The calibration program was executed without erodible material on the bed 
of the test section. Temporary flooring, consisting of cement-asbestos 
sheets bolted to 3-in steel I beams, was used tc bridge the depression in 
the central portion of the floor of the test section. 
Overall Characteristics 
Calibration tests were made (l) to determine resistance to motion 
of the entire U-tube, (2) to determine the amplitude as a function of the 
position of the bleed-off valve, and (3) to determine the period of oscil-
lation as a function of amplitude. 
Resistance to Motion 
The resistance to motion was determined by experimentally measuring 
the water-surface amplitude during free oscillation and by utilizing the 
amplitude-decay data to compute an equivalent linear damping coefficient 
for the system. The differential equation for free oscillation of the 
system is 
M z + cz 4- 2Y AZ = 0 (1) 
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in which M is the mass, c is a viscous damping coefficient, T is the speci-
fie weight of water, A is the cross-sectional area of the vertical legs of 
the U-tube, z is the water-surface displacement in the West tank fron equi-
librium, z is the velocity, and z is the acceleration. The product 2TA 
corresponds to the spring constant k of vibration theory. The mass, M, of 
the oscillating system is unknown because of the effect of enlarged sec-
tions of the U-tube in the flow passages joining the horizontal leg to the 
two vertical legs. The solution of Equation (l) is 
2M 
z = e 
2rct , n . 2itt. ,C1 cos — + C 2 sin — . 
in which T is the damped natural period. 
The damped natural period is 
(3) 
Since this system has small resistance, c, and large mass, M, the damped 




The free-oscillation experiment was performed in the following 
manner. The bleed-off valve was closed and the centrifugal blower was 
started. When maximum amplitude was attained the blower was turned off. 
An observer stationed at the float scale observed and recorded the maximum 
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values; simultaneously the period was obtained by transmitting the pulse 
from the direction-sensing microswitch to the marking input device of a 
Sanborn recorder. When the microswitch circuit was closed the stylus on 
the recorder oscillated. A built-in timer in the circuit displayed one-
second marks on the oscillogram. From this record the period, T, was 
determined to be 3.56 seconds. 
Utilizing the experimentally determined value of T as 3.56 seconds, 
the mass of the oscillating system is calculated from Equation (4) as being 
158 slugs. 
The attenuation of the amplitude during free oscillation can be 
utilized for the determination of the damping coefficient, c, as follows. 
From Equation (2) the ratio of successive maxima is 
cT 
n 2M / c >, 
7 — = e (5) 
n+1 
or in logarithmic form 
5 = *9e &-) - i & 
n+l 
in which 5 is the logarithmic decrement. Thus if the logarithms of the am-
plitude are plotted as a function of cycles, the slope of the curve is 6. 
The attenuation of the amplitude during free oscillation was meas-
ured for n = 1 to n = 27. A semi-logarithmic plot of successive peaks of 
amplitude against number of cycles is presented in Figure 3. For ampli-
tudes less than 5 inches the slope is constant meaning that the damping 
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is truly viscous. The value of the logarithmic decrement, 6, as a func-
tion of amplitude is presented in Figure 4« 
Amplitude Calibration 
Amplitude calibration consisted simply of observing the amplitude 
on the float scale at various settings of the bleed-off valve in the air 
duct to the West tank. The results are shown in Figure 5. 
Period Calibration 
Period calibration was obtained simultaneously with the amplitude 
calibration by superposing the on-off cycle of the direction-sensing 
switch on the timing marker circuit of a Sanborn recorder. As shown in 
Figure 6 the period remains constant at 3-59 seconds for a total ampli-
tude less than 11 in. The period increases slightly with amplitudes 
greater than 11 in attaining a value of 3.73 seconds at a total amplitude 
of 34 in. By virtue of the feedback system of forcing the oscillation, 
the periods shown in Figure 6 must be the resonant periods. 
The explanation for the observed increase in the resonant period 
for total amplitudes greater than 11 in is that the flow separated from 
the lower insert (c) for those amplitudes. Upon referring to Equation 
(4-) ? it is evident that an increase in resonant period can result only 
from a greater effective mass. When separation occurs in the boundary 
layer a dead zone results which reduces the flow area in that vicinity. 
This reduced flow area can be shown to increase the effective mass, NL in 
the U-tube. 
In order to show that a reduced flow area does result in an in-
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Figure 6. Resonant Period as a Function of Total Float Amplitude. 
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U-tube will be analyzed. An analogous system consisting of a liquid 
accelerating from left to right through a contracted-area streamtube will 
be utilized. In Figure 7 is shown the streamtube, which has a contrac-
tion between two cross sections of equal size. The cross sections to be 
used later are marked a, b, c, d, e, and f. Sections b and c, and d and 
e, are just to the left or right of the changes in cross-sectional area. 
b c d e 
I I I 
Figure 7. Contracted-Area Streamtube. 
The appropriate equation for the total acceleration within the 
streamtube is 
f 
r5Tdx + i ax (v )dx 
a a 
(7) 
in which x is the horizontal coordinate, and V is the velocity. The inte-
gration over the entire length is obtained by breaking the streamtube Into 
three regions and ignoring the nonuniformity of the flow at the junctions 
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of these regions 
av . 
T~ dx = 
d f 
7" dx + T~ dx + r~ dx 
3t J 9t J at 
c e 
and 
^- (V2)dx 9x 
d(v2) + i r d(v2 J ) + i J d(v2) 
By utilizing the equation of continuity, Equation (7) becomes 
J^-iJa^vV = (2 + A * / A C ) ^ (8 
in which the subscripts a and c refer to their respective cross sections. 
The factor (2 + Aa/Ac) is greater than 3 as Aa is larger than Ac, meaning 
that the streamtube having a contracted area of length I has a greater 
effective mass than one having in its place an uncontracted area of the 
same length. Separation of the flow in the U-tube would reduce the flow 
area and thus would increase the effective mass. 
The initiation of separation within the U-tube can be determined 
qualitatively by investigating the flow within the boundary layer behind 
a cylinder. Schlichting' discusses two cases of the initiation of sepa-
ration behind a cylindrical body which is moved (a) impulsively and (b) 
Schlichting, H., Boundary Layer Theory, trans, by J. Kestin, McGraw.Hill, 
4th ed., I960, pp 212-221. 
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with a constant acceleration Initiation of separation is expressed as 
the ratio s/r in which s is the distance traveled from rest and r is 
' O 3 
the radius of the cylinder* Analytical results are 0.351 for the impul-
sive motion and 0.52 for the constant acceleration. Simple-harmonic 
motion in the U-tube should exhibit separation from the cylindrical 
insert at some comparable value of s/r . For simple-harmonic motion 
the velocity, u? in the test section is given by 
2aTi . 2iut u = —=r- sin - — 
in which 2a is the total amplitude of the fluid motion. The distance, 
s, traveled by the fluid until separation occurs, is 
rts 
s = udt 
o 
in which t is time elapsed until initiation of separation Hence 
2K t 
— = -^ (1 - cos — £ ) (9) 
r r T 
o o 
As separation is expected to occur from the lower cylindrical insert for 
which r is 1 ft 
o 
2rtt 
s = a (1 - cos ~y^) (10) 
The minimum total amplitude, 2a, for which separation will just commence 
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(t; = T/2) is 4-. 51 in for s/r = 0.351 and 6.29 in for s/r = 0.52. For 
o O 0 
larger amplitudes initiation of separation begins increasingly sooner than 
t = T / 2 , meaning that the extent of the reduced flow area in the U-tube 
increases with amplitude, which would result in increasing effective mass. 
Since the resonant period is proportional to the square root of the effec-
tive mass, this tendency is clearly demonstrated in Figure 6. 
Another indication of the flow-pattern change is that the value of 
the logarithmic decrement b began to change at a comparable amplitude at 
which the period change was noted. The comparison of Figures 4- and 6 
clearly demonstrates this point. The gross resistance characteristics of 
the U-tube would also be dependent upon the duration and growth of separa-
tion zones from the lower cylindrical inserts. 
Test-Section Characteristics 
The flow characteristics within the test section were experimentally 
determined in order (l) to ascertain whether the actual motion was the de-
sired motion (simple harmonic) and (2) to determine whether a system of 
baffles would be required to attain uniform velocity distribution. This 
portion of the calibration program was accomplished by recording, on 16 
mm motion-picture film, the position of nearly neutrally buoyant parti-
cles during the fall from the top to the bottom of the test section. The 
(polyethylene spheres) particles were 1/4- in in diameter into which a 
small hole was drilled. The void in the particle was filled with caulk-
ing compound until a fall velocity of about 0.06 fps was attained. These 
particles were inserted into the test section through the ports installed 
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in the roof after the desired amplitude was established. All runs in this 
series of tests were made with a float amplitude of 13.7 in. Several runs 
were made at each of the three ports in the roof. 
The procedure during a run was as follows. The bleed-off valve was 
set for the desired float amplitude (Figure 5). The blower was turned on. 
A l/4.-in diameter graduated rod was inserted through the stopcock in the 
roof. A photograph of this rod was obtained by means of the motion-pic-
ture camera. The graduated rod was withdrawn. A particle was forced 
through the stopcock. As soon as the particle entered the test section 
the camera was started, The camera was allowed to run until this parti-
cle fell to the bottom of the test section. 
The particle trajectories were obtained by projecting the film 
record onto a white sheet of paper and marking the particle position 
thereon. A stop-motion projector was utilized. The scale was established 
by projecting the image of the graduated rod onto the paper. Elapsed time 
was established by utilizing the period shown in Figure 6. The assumption 
was made that the time increment between each frame of the film strip was 
constant. 
For descriptive purposes only a time-lapse photograph of a falling 
particle is shown in Figure 8. 
Analysis of the Motion 
The desired motion within the test section is simple harmonic; but, 
since the external force (air pressure on the water surface) is not applied 
in a simple-harmonic manner, the question arises as to the nature and . 
magnitude of the deviation of the actual motion from the desired motion, 
Figure 8. Time-Lapse Photograph of a Falling Particle 88 
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Theoretical Analysis. Utilizing the damping factor determined pre-
viously (Figure 4-) and assuming the external force on the U-tube is a 
square-wave function of time, a theoretical solution for the motion in 
the test section can be obtained. The external force is the pressure in 
the West vertical leg multiplied by the horizontal cross-sectional area 
of that leg or pA. The blower can be assumed to apply a constant pressure 
p during the time the exhaust valve is closed. During the time the ex-
o 
haust valve is open the pressure, p, can be taken as atmospheric. Be-
cause of the feedback scheme of operating the exhaust valve, the external 
force is periodic at the resonant period. The external force, pA, is 






Figure 9. External Force on the U-Tube. 
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The differential equation of .-notion is 
tz + cz + 2TAz = -pA (11) 
The steady-state solution can be represented by a Fourier series 
oo 
ft . V r, 2?tnt , _ . 2imt 
A + ) A cos —— + B s in _ 
o L V. n T n T 
(12; 
in which A , A , and B are the Euler coefficients which satisfy Equation 
0 n n M 
(11). The resulting coefficients are 
; n = 0,2,4, 
; n = 2,4,6, 
P0/Y it (n - 1) + 6 n 
; n = 1,3,5, 
and n _ 
P0/r 
sis: - 1 
r 2 / 2 ,\2 , 2 2i 
nLir (n - 1) + b n J 
n = 1,3,5, 
Substituting the pertinent coefficients into Equation (12), 
00 
n=l,3,5,.. [^(n





•in _ ^ l s i n 2 n £ t 
n T J 
The Fourier coefficients were computed for an amplitude of 13.7 in, 
corresponding to the amplitude of the railing-particle runs. The value of 
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6 oi 0,06-0 Is obtained from Figure 4-» Equation (13) reduces to two terms 
upon substitution of the particular value of &. 
= 11.17 cos &± + 0.01 sin ̂  (13a' 
p /y T T 
ro 
The relative magnitude of the coefficients is indicative that the motian 
will be almost simple harmonic0 
Analysis of Experimental Results. The particle trajectories of four 
half-cycles were analyzed harmonically using Runge's scheme with 24. data 
points in a half—cyclea The other half of the cycle was made equal in 
magnitude and sign to the firsto The coefficients of a cosine series for 
the four are listed in Table 1 as a function of vertical position in the 
test section0 The absence of sine terms resulted because of the particu-
lar origin, chosen for the analysis,, The vertical position, y, is measured 
downward from the roof and was taken as the mean value of y at the extrsme 
positions during that half-cycle,, 
Table 1„ Coefficients of Cosine Terms from 
Harmonic Analysis 
(inches ) B 
0 
(inches) V inches) B2 ( inches) B3( Inches) V inches 
3c20 0o02 6.39 -0.06 0.01 -0.01 
3o77 -0.01 6*40 -0.0-4 0 -0,02 
SolO 0,01 6.80 0o02 0.04 -0.01 
&\ 85 0.08 6.54 0o06 0 -0.01 
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This analysis was done only for particles which were inserted 
in Port A. The results from the motion of these were so favorable that 
no more harmonic analyses were deemed necessary,, These data verify 
that simple-harmonic motion did exist in the test section as predicted, 
Equation (13a). 
Velocity Distribution in the Test Section 
Since the motion within the test section has been shown to be 
simple harmoniCc, the kinematic features of the motion at a point are 
simply functions of the amplitude at that point and the period. In 
other words, 
2n t /, j . \ 
x = a cos - — (14J 
2a-K . 2rct /, A 




Du 2a7i 27it h , u 
5t = - ~ cos T" (14b) 
Since the nearly neutrally buoyant particles follow the fluid motion, 
the difference in the extreme positions of the particles as determined 
from the film strip is the total amplitude* The ratio of particle 
amplitude to float amplitude is shown in Figure 10 as a function of 
distance from the roof at the three lateral positions across the test 
section,, The solid circles denote that the particle had an east-to-west 
direction of motions conversely, the open circles denote a west-to-east 
direction. Ports A and B are located at the third points across the 
143 
test section. The results shown in Figure 10 indicate that the velocity 
distribution is uniform and that the amplitude of fluid motion is equal 
to the amplitude of the float in the central portion of the test sec-
tion. Nearer the wall at Port C the fluid motion has a greater ampli-
tude and has a drift from east to westo Since incipient motion is to 
be studied in the central portion between Ports A and B, no system of 
baffles is requiredo Thus the fluid velocity in the central portion of 
the test section is determined from Equation (14a) in which 2a is tie 
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